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Abstract. In this paper, we propose and compare two novel reconstruction strategies

for near-field electromagnetic imaging of regions in 3D surrounded by walls or shields.

Our focus is on the estimation of electrical conductivity profiles inside regions which

are roughly equivalent in size to small rooms or medium-sized containers, from

electromagnetic data obtained at one given frequency. This setup has interesting

applications in the surveillance of activities behind walls, the screening of boxes or

containers at ports or airports, or the monitoring of processes inside regions which

might contain hazardous materials. Moreover, the techniques proposed here can

easily be adjusted to imaging situations at larger or smaller scale; as often found

in geophysical or non-destructive testing applications. The two novel regularization

techniques proposed here are based on a sparsity promoting regularization scheme

on the one hand, and a level set based shape evolution technique on the other. In

our numerical simulations, we perform 3D reconstructions from noisy simulated data

and compare the results with those obtained from a standard L2-type reconstruction

approach. Our results suggest, in the applications considered here, that the

two proposed novel schemes are potentially able to yield significantly improved

reconstructions compared to more traditional techniques.

1. Introduction

Near-field electromagnetic (EM) imaging is a well-known imaging technology which has

not received as much attention in the past as many other alternative electromagnetic

techniques. These alternatives include, for example, ground-penetrating radar, synthetic

aperture radar, X-ray tomography and microwave imaging, amongst others [44]. The use

of relatively low frequencies in near-field imaging makes it more difficult to obtain high

resolution reconstructions, and the design of efficient antennas is challenging. Moreover,
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the corresponding imaging task usually requires to employ Maxwell’s equations in 3D

for the forward modelling; which for a long time was severely limited by the capabilities

of standard computer systems. However, over the years a number of very interesting

practical applications have evolved where the use of relatively low frequencies comes

with great advantages, such as: increased penetration depth through materials, a

reduced risk of multi-pathing, and avoidance of certain local minima when solving

the underlying optimization problem. These applications include geophysical imaging

[1, 18, 19, 28, 46, 51, 60], near field sensing and tracking [53, 58], the non-destructive

testing of materials [15, 41, 59], and near-field electromagnetic holography [2, 57].

The ongoing interest in those and other fields is continuously refuelled by

improvements in computer technology and progress in the construction of efficient

antenna systems, which addresses some of the above mentioned difficulties. However,

it still remains challenging to design efficient tailor-made reconstruction algorithms

which are able to convert the measured electromagnetic signals into useful 3D images,

for classical or new applications of this technology. Typically, these images show

electromagnetic properties of the investigated materials or make use of them for the

localization or tracking of objects.

This paper addresses the challenge above by proposing novel reconstruction

algorithms for low frequency near-field electromagnetic imaging; which can potentially

be applied at various length scales. We will make use of recently developed novel

imaging technologies in order to address the increased ill-posedness of the underlying

inverse problem when lowering the probing frequencies. In further detail, we will propose

two new reconstruction algorithms, one being based on sparsity regularization and the

other one on level set based shape evolution, and compare their performances with a

more traditional voxel-based reconstruction scheme which employs standard Tikhonov

Philips regularization. We will show that both of these novel approaches have the

potential to provide significantly improved reconstructions over voxel based imaging

schemes in situations where sharp interfaces and significant contrasts between materials

are present in the domain of interest.

Sparsity promoting regularization has received worthy attention in recent years as

an alternative to L2−based minimization schemes. The technique has been applied

very successfully to linear inverse problems [2, 5, 6, 17, 25], but results on large-

scale non-linear inverse problems are still scarce. We refer to the recent publications

[33, 34, 37, 50] for a review. In the present paper we will consider such a large-scale non-

linear inverse problem which poses specific challenges as outlined further below. The

reason for considering sparsity regularization is the observation that standard Tikhonov-

Philips regularized L2− based schemes tend to provide over-smoothed reconstructions

from low-frequency electromagnetic data, even when the true profiles contain shapes

with sharp boundaries. Sparsity promoting regularization schemes have recently

been demonstrated to mitigate this smoothing tendency by providing more compact

shapes against an approximately known background [34, 37, 50]. Level set regularized

reconstruction schemes, on the other hand, are designed explicitly to deliver compact
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shapes with sharp boundaries against the background profile. Depending on the

chosen level set representation, the internal profile can be constant or smoothly varying

[9, 22, 23, 24, 32, 39, 40]. Although more established than sparsity promoting schemes,

level set methods still pose many challenges for large scale non-linear inverse problems,

including the one addressed in this paper.

In this paper, we formulate both sparsity and level set based regularization schemes

for a new and highly challenging imaging situation where a 3D Maxwell model is needed

as a forward solver. Even though the numerical experiments demonstrated here have

been chosen for imaging small rooms or medium-sized containers with shielded walls or

obstacles [53, 58], the same techniques can be applied to the imaging at different length

scales. These include, for example, geophysical applications or the non-destructive

testing of small specimens [18, 21]. Notice that for many of those applications the

use of higher frequencies (and often employment of only far-field data) is not feasible

due to the strong attenuation of the corresponding electromagnetic fields by the walls

or surrounding environment. Often, nature of the content prevents use of alternative

screening techniques such as X-rays or other high-frequency electromagnetic fields, due

to safety restrictions or the potentially damaging effect of such high energy probing

fields. In addition to the well-known and well-established geophysical applications of

such near-field exploration and monitoring tools [1, 18, 19, 28, 46, 51, 60], we want

to highlight here several interesting and very promising new experimental verifications

of low frequency screening and imaging applications at the scale of smaller boxes as

reported for example in [14, 15, 16, 59]. In those works, the goal is to screen metallic

containers for specific threats where only extremely low electromagnetic frequencies

provide sufficient skin-depth for penetrating the present metallic shields. Novel imaging

technologies are required in such applications for making optimal use of the obtained

data.

The remaining part of the paper is organized as follows: First, in Section 2

we describe in more detail the setup of our low frequency electromagnetic imaging

problem using Maxwell’s Equations. Then, Section 3 formulates the general underlying

mathematical inverse problem for our three reconstruction schemes. Section 4 introduces

the Landweber-Kaczmarz approach which we employ to solve this general inverse

problem. Section 5 then introduces an L2-based reconstruction scheme, which we use

here as a comparison to the other developed strategies. Section 6 formulates the novel

sparsity promoting reconstruction scheme, and Section 7 describes the novel level set

evolution method. Section 8 first introduces the computational setup to test our three

reconstruction schemes introduced in the previous three sections, and then describes

the results from our computational experiments. In Section 9 we provide a summary

of our work and closing thoughts on our findings. In Appendix A and B, finally, we

describe two new and highly efficient line search strategies for the various Kaczmarz type

reconstruction schemes developed in this paper which, even though slightly technical,

form an essential part of all three numerical algorithms presented here.
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2. The Near Field Electromagnetic Imaging Problem

We model the propagation of electromagnetic fields by Maxwell’s equations in the

frequency domain. Hence

∇× Ej(x)− a(x)Hj(x) = Mj(x); (1a)

∇×Hj(x)− b(x)Ej(x) = Jj(x), (1b)

where we assume a time-dependence exp(−iωt) for a frequency ω = 2πf . In equations

(1a, 1b), E denotes the electric field, H the magnetic field, M the magnetic source and

J the electric source. The material parameters are

a(x) = iωµ(x) b(x) = σ(x)− iωǫ(x), (2)

where σ(x) is the electrical conductivity, µ(x) is the magnetic permeability, ǫ(x) is the

electrical permittivity.

Conductive Shield σ = σs

Conductive Shield σ = σs

Sources

Receivers

Figure 1. Opposing arrays of Sources and Receivers with x− y conductive shielding.

Notice that sources and receivers are only located on top and bottom of the box, but

the shielding is applied to all six sides.

A possible experimental setup of the situation described above, and adopted in

our numerical experiments, is outlined in Figure 1. Here, the domain of interest is

represented by a cuboid-shaped domain Ω ⊂ R3 surrounded by shielded walls. We have

in total ns different applied source distributions, where the index j specifies that the jth

source distribution is considered, j = 1, · · · , ns. We model the sources as rectangular

wire loops positioned just outside the shielding at two sides of the rectangular box.

These give rise to probing fields Ej and Hj in (1a,1b), which are then measured at our

receiver locations. For better visualization, we display in Figure 1 only one set of the

three opposing conductive shields (i.e. completely surrounding the region of interest),

mentioning that similar shields are also present at the four additional sides of the box.

The sources and receivers, however, are only located at the two opposed walls towards

the z direction. There are no sources or receivers at the other four sides of the box.
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Notice that the shielding complicates the solution of the inverse problem described below

due to their attenuation of electromagnetic signals, the so-called skin-effect.

In the inverse problem considered here, we are interested in estimating the

conductivity σ(x) inside this domain of interest from data measured outside of it. For

simplicity, whilst also addressing a proof of concept scenario, we choose µ(x) = µ0 and

ǫ(x) = ǫ0. This means two of the three material parameters are constant and known

throughout the entire domain. This assumption will be relaxed in our future research.

Moreover, we assume some reasonable prior knowledge on the background conductivity

profile; here being that shielded walls surround a region of interest filled with air.

Embedded in this region of interest are inclusion(s) with unknown contrast, topology

and shapes. These inclusions need to be reconstructed from few electromagnetic data at

one single frequency. Therefore, the zero subscript in µ0 and ǫ0 indicates that free space

values are taken with respect to the given material parameters. In addition, we assign

a very low value σ ≈ 10−8 S/m to the background representing the conductivity of air.

The shielded walls, on the other hand, are here assumed to have a known topology and

a moderate conductivity value of σ ≈ 0.1 S/m. In future work also such an assumption

will be relaxed. As mentioned, the conductivity values of the inclusions are assumed

to be higher than the background (here σ ≈ 0.5 S/m), but its value is unknown in the

inverse problem and needs to be reconstructed together with their shapes and topology

from the data. At present we assume that all inclusions share the same (unknown)

internal conductivity value, but this assumption will also be relaxed in our future work.

The values used in our numerical experiments are summarized in Table 1.

Table 1. Conductivity parameters used in numerical experiments

σ (Sm−1)

Background 1× 10−8

Unknown Inclusions 0.5

Shields 0.1

3. Mathematical formulation of the inverse problem

Inverse problems for Maxwell’s equations have been investigated for a long time in a

variety of applications and settings. For recent overviews of available theoretical and

computational results we refer to [12, 13, 60] and the references provided there. The

important questions of uniqueness and differentiability of related inverse problems are

addressed for example in [8, 11, 31, 56]. For derivation of the algorithms in this paper, we

assume differentiability (in properly chosen function spaces) of all forward mappings that

arise here, allowing us to adopt well-established expressions for the relevant derivatives

(or sensitivities) with respect to the unknown medium parameters [19, 20, 43, 55, 60].

To start with, we will formulate the inverse problem for the estimation of σ(x);

which is the main parameter of interest in our work. Since we are formulating three
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different reconstruction schemes, this section will outline the inverse problem in a setting

which is consistent to all three. For further use in our Kaczmarz type approach described

below, the forward operator is indexed by the source index j, which gives rise to the

notation Fj[b] = MjEj(x; b). Here Ej, Hj solve (1a,1b) with parameter b and Mj;

where the latter is a linear measurement operator which may depend on the source

position. In our setup, we take

MjEj =

∮

Sj

Ej · τ dl, (3)

where Ej · τ is the tangential component of E with respect to the (closed) wire loop Sj

which acts as a receiver; those we also model to be rectangular loops. Notice that we can

simulate for any conductivity distribution b the corresponding predicted measurements

Fj[b] and compare them to the physically measured data F̃j. This yields the residuals

Rj [b] = Fj[b]− F̃j .

Let us denote by P the space of parameters b (which are assumed here for simplicity

to be isotropic together with µ0 and ǫ0), Zj the space of measurements Dj and noiseless

residuals Rj , U the spaces of states u and Y the space of sources. In the derivation of

our algorithms, we assume that these function spaces are represented by Hilbert spaces

consisting of L2- functions which carry a special physical significance. All these function

spaces are then equipped with standard inner products in L2. In more detail, we choose

P := L2(Ω); U :=

{(

E(x)

H(x)

)

, E,H ∈
[

L2(Ω)
]3

}

;

Zj :=

{(

η

ξ

)

, η, ξ ∈ (C3)ns,j

}

; Y :=

{(

J(x)

M(x)

)

, J,M ∈
[

L2(Ω)
]3

}

.

We can describe the inverse problem for all three approaches as follows. Assume

that we have ns source distributions qj (j = 1, 2, · · · , ns) located at positions sj (which

are here modelled as small single wire loops of current intensity Ij extended over one or

more numerical grid cells and with appropriate orientations) such that radiation from

these sources is propagated by the Maxwell model in (1a,1b). Furthermore, nr receivers

are located at rjk(k = 1, 2, · · · , nr). Then, given measurements of the EM field Ej at

rjk, find the unknown conductivity σ = Re(b) (where the symbol Re indicates the ‘real

part’) in Ω with b ∈ P . Depending on the approach taken, this general model will be

refined further below.

One standard way of addressing this general problem is to write down a least squares

data misfit functional in terms of residual operators. In our case this reads as

J [b] =
ns
∑

j=1

Jj[b]; Jj[b] :=
1

2
||Rj [b]||

2
Zj
. (5)

Therefore, the residual operator quantifies the mismatch between model prediction

(forward problem) and true data. The cost functional J [b] is useful for monitoring

progress of any iterative estimation technique and for the design of suitable

reconstruction schemes. For example, we can formulate an optimization problem
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incorporating J [b] with or without additional suitably chosen regularization terms.

Many popular minimization schemes use the formal gradient of (5) for defining search

directions:

∇J [b] =
ns
∑

j=1

∇Jj[b], (6)

where the individual terms ∇Jj[b] can be calculated efficiently by a so-called adjoint

scheme [19, 20]. However, note that even when employing an adjoint scheme, for typical

values of ns the calculation of (6) in each iteration is still too time consuming when

addressing large scale problems. Therefore, in the following we will outline a form of a

single-step adjoint scheme which is employed in our calculations.

Assuming sufficient regularity of Rj[b] in the chosen function spaces P and Zj, let

us denote the linearized residual operator by R′
j [b] and its adjoint operator with respect

to these function spaces by R′
j [b]

∗. Let us choose some data ξj = Rj [b] ∈ Zj , b ∈ P and

let (Ej,Hj)
T be the solution of the adjoint Maxwell problem:
(

−b ∇×

∇× a

)(

Ej
Hj

)

=

(

0

M∗
jRj [b]

)

,

where the overline denotes ‘complex conjugate’ and M∗
j is the formal adjoint of the

measurement operator. Its application amounts to putting the residuals as artificial

adjoint sources at the receiver locations. Then,

∇Jj[b] = R
′
j [b]

∗ξj = R
′
j [b]

∗Rj [b] (7)

is given by
[

R′
j [b]

∗Rj [b]
]

(x) = Ej(x) · Ej(x). (8)

The interpretation of Rj [b] as an artificial adjoint source, upon which R′
j [b]

∗ is acting

on in (8), gives rise to the interpretation of ‘back-projecting’ the residual data to their

(secondary) source. For simplifying the notation below, we implicitly assume that

the unknown parameter only consists of the real part of b, i.e. whenever we refer to

that parameter only, we take the real part of the expression such as that in (8). This

assumption holds throughout this paper. For more details on this adjoint scheme we

refer to [19, 20, 43, 55, 60].

4. The Landweber-Kaczmarz type approach

The non-linear problem described here is of large scale in 3D. Usually, iterative

techniques are employed for the solution, requiring repeated calculation of descent

directions to J [b] in (5). Most standard schemes require calculation of the full

gradient ∇J [b] in (6). Depending on the available Maxwell solver, this might consume

considerable resources and processing time in each iteration. Therefore, alternative

techniques have been developed in order to speed up the inversion process. One of those

is the non-linear Landweber-Kaczmarz scheme which is employed here. The technique
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cycles over individual source positions in a certain order and only requires to calculate

gradients of partial data sets in each step, which can be done efficiently with the so-called

adjoint method as outlined above.

With this scheme it is no longer the primary goal to directly reduce the data misfit

to J [b] in (5) in each individual step. Instead, in each iteration, we reduce the data

misfit Jj[b] with respect to the jth source only. For more information regarding this

general scheme we refer to [19, 35, 36, 38, 42, 44].

In more detail, we use the single-step update formula

bk+1 = bk − τk∇J[k][bk], (9)

where we follow, for simplicity, a sequential rule [k] := (k modulo ns+1) ∈ {1, 2, · · · , ns}.

Alternative approaches, such as using a random selection of sources, are possible as well.

Note that similar ‘Stochastic Gradient Methods’ have become popular in several large

scale data sciences applications, which have attracted a lot of interest recently [7, 27].

Those will be investigated in further detail in our future research.

Notice that so far we have not explicitly incorporated any regularization in our

analysis of the problem. One regularization tool, which we will employ, is to use

tailor-made function spaces when calculating gradient directions for (5). We recall

that the formulation of the adjoint problem defined in Section 3 maps into standard

L2 spaces. This is sufficient and convenient in general, but for the schemes considered

further below it will be beneficial to obtain gradient directions in a subset of smoother

functions. In particular, such smooth gradient directions provide greater stability of

the reconstruction schemes. In order to derive this alternative form with respect to the

parameter b, let

W1(Ω) =

{

f : f ∈ L2(Ω),∇f ∈ L2(Ω),
∂f

∂n
= 0 at ∂Ω

}

,

equipped with the weighted inner product

〈v, w〉W1(Ω) = α 〈v, w〉L2(Ω) + β 〈∇v.∇w〉L2(Ω) .

Here, α ≥ 1 and β > 0 are suitably chosen regularization parameters. Let us denote the

adjoint operator with respect to this new function space by R′
j [b]

s, where the superscript

s indicates ’smoothed’. It has been shown in [26] that R′
j [b]

s can be obtained from R′
j [b]

∗

by a simple post-processing step. In more details, we obtain the corresponding smoothed

gradient ∇J s
j [b] (which is based on those adjoints via (7)) by solving

(αI − β∆)∇J s
j [b] = ∇Jj [b] in Ω, (10)

where I and ∆ are the Identity and the Laplacian operator respectively, ∇Jj[b] is the

unsmoothed gradient, and appropriate boundary conditions are applied. We mention

that this smoothed gradient is also often referred to as a Sobolev gradient in the

literature [45]. For more information on practical ways of calculating this Sobolev

gradient, we refer the reader to the more detailed discussion in [26].
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5. L2-based inversion with a dynamic line search scheme

Our goal is to iteratively apply updates to the unknown parameter functions following

the above derived Sobolev type descent directions, but in a Kaczmarz type approach.

Whereas in standard gradient based optimization schemes a line search is performed

following well established rules and criteria [47], the task of finding an optimal step size

in each step of such Kaczmarz type approaches is not yet well understood. The reason

being is that only part of the data is involved, such that large step sizes in this partial

gradient direction might severely deteriorate the data fit which has been achieved by

previous updates from different parts of the data set. Therefore, one must be careful

when choosing τk as this parameter dictates how much we reduce the cost with respect

to one source only. In Appendix A, we will suggest a new line search strategy which has

been proven to work well in our particular application. The complete LK reconstruction

algorithm including this dynamic correction line search is described in Algorithm 1.

Algorithm 1 Pixel-based LK Reconstruction with dynamic line search

1: procedure Initialization

2: Choose ns, nr, I[k], f, S and b0 = background conductivity

3: Collect ∇Jn0
[b0] =

∑

j∈{j1,j2,···,jn0
}∇Jj[b0]

4: Dynamic Line Search as outlined in Appendix A:

5: Compute τmin, τmid, τmax using (23)

6: Compute b1(τ) for τ = τmin, τmid, τmax using (9)

7: Choose τ0 using (24)

8: End of Dynamic Line Search

9: procedure LK Reconstruction

10: for k = 0 : Sns − 1 do (loop over sweeps)

11: Calculate ∇J[k][bk] using (7)

12: Compute smoothed gradient ∇J s
[k][bk] by solving (10)

13: Update bk+1 ← bk − τk∇J s
[k][bk]

14: if 1 ≤ k ≤ Sns − 2 then

15: Choose τk+1 according to (25)

6. Sparsity Promoting Regularization

The regularization employed thus far is implicit; in the sense that, the gradient descent of

our cost functional is projected to a smoother space. Whereas this helps stabilizing the

inversion process, it also tends to deliver quite over-smoothed conductivity profiles. This

over-smoothing property of pixel based inversion schemes also has been observed when

not using Sobolev gradients but standard L2 gradients to (5) for the inversion [19, 20].

In situations where it is known or expected that the unknown part of the conductivity

distribution has compact support, this approach therefore does not seem to be optimal.
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Instead, one can try to incorporate this a priori knowledge on expected discontinuities of

medium parameters in the domain, enclosing regions of high conductivity and compact

support, into the inversion model. Recently, a sparsity promoting regularization scheme

has been suggested for similar situations in other non-linear imaging modalities such as

electrical impedance tomography or optical tomography, see for example [33, 34, 50].

We will develop in the following such a sparsity promoting scheme for the application

of near field electromagnetic imaging in 3D.

In our sparsity promoting regularization scheme we modify our cost functional with

the addition of an l1 penalty term, such that contributions in the parameter space, which

are considered small in a predefined sense, are penalized. Sparsity can be considered in

several ways, with respect to a variety of basis systems or over-complete dictionaries.

We will consider here sparsity with respect to the standard voxel basis, which favours

reconstructions with compact support. Such a process can be computed practically by

using so-called shrinkage operators [17].

With the above, we decompose b = b0+δb where b0 denotes an approximately known

background and δb the unknown inclusions. We now define a new cost functional

Ĵ (b) = J (b) + γ||δb||1 (11)

with the assumption that

||δb||1 =
∑

k

| 〈δb, ψk〉 |, (12)

where in our case {ψk} is an orthonormal basis, but in other applications it could be an

over-complete dictionary.

Due to the ||δb||1 term, we see that the cost functional in (11) is no longer

differentiable. Following suggestions in [17, 33, 34] and results shown in [50], we perform

the following steps to promote sparsity in the reconstruction:

(i) Compute gradient descent direction ∇J [bk];

(ii) Using (i) calculate ∇J s[bk];

(iii) Apply shrinkage on δbk+1 = δbk − τ∇J s[bk].

Explicitly, these three steps can be combined to write

δbk ← Sτkγ

(

δbk − τk∇J
s
[k][bk]

)

, (13)

where

(Sτγ(x))i =

{

(|xi| − τγ)sign(xi) if |xi| > τγ

0 otherwise.
(14)

The sparsity promotion is thus embedded in the shrinkage operator, as this influences

how the gradient descent behaves in the next iteration.

Reduction of our new cost functional Ĵ (b) is found by performing the steps outlined

above. Notice that again finding an efficient line search strategy is essential for the

success of the approach. In contrast to the above mentioned previous applications,
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when initializing τk, we perform the same line search technique as that in the pixel-

based, mentioning again that this is outlined in Appendix A. Differing from the pixel-

based inversion, however, we now incorporate the thresholding parameter Λ = τγ,

defined in (14). This parameter controls the intended sparsity level of the conductivity

reconstruction. Here, we choose

Λ = d1max(|δb1|), (15)

where

δb1 = δb0 − τ0∇J
s
0 [b0] (16)

and d1 ∈ (0, y2), where y2 is typically unity, but other choices are possible. Our

assumption on the thresholding term is that the maximum value of δb1 should have

the same order of δbk for k > 1. Furthermore, d1 can be interpreted as a parameter

that chooses the level of zero filling in the reconstruction. The complete LK-Sparsity

reconstruction scheme including a line search for initializing τk is presented in Algorithm

2.

Algorithm 2 Pixel-based LK-Sparsity Reconstruction

1: procedure Initialization

2: Choose ns, nr, I[k], f, S and b0 = background conductivity

3: Choose τ0 using (24)

4: procedure LK-Sparsity Reconstruction

5: for k = 0 : Sns − 1 do (loop over sweeps)

6: Calculate ∇J[k][bk] using (7)

7: Compute smoothed gradient ∇J s
[k][bk] by solving (10)

8: if k = 0 then

9: Compute δb1 using (16)

10: Choose Λ using (15) and use for k > 1

11: Threshold δbk ← SΛ

(

δbk − τk∇J s
[k][bk]

)

12: Update bk+1 ← bk + δbk

7. Level Set Shape-based Reconstruction

The sparsity promoting scheme proposed in the previous section is useful when inclusions

with compact support or specific shape embedded in some approximately known

background are sought for. A similar effect has been observed in a variety of applications

when using a level set based approach which directly uses a shape-based model for

the unknown inclusions. Originally, level set methods were developed by Osher and

Sethian as a means for tracking a propagation of interfaces in image processing and

computational physics [48, 54]. This led to Santosa applying their ideas in the arena

of inverse problems [52]. Since then, level set methods for nonlinear inverse problems
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have been applied across a whole range of imaging modalities, see [10, 22, 23] for recent

reviews.

The key difference between the level set shape-based approach compared to the

pixel-based reconstructions described in Algorithms 1 and 2 is that some estimate of

the true conductivity value is assumed known a priori. This additional information

is observed to improve reconstructions of the topology and shapes of the inclusions

significantly in such low-frequency electromagnetic problems, even in cases where the

actual value of the internal conductivity is significantly over or underestimated by

the approximate value plugged into the inversion routine [18]. Therefore, in many

practical applications such shape based methods actually provide very useful approaches

for detecting and estimating general shapes of inclusions from few data. Moreover,

if needed, the estimation of such internal parameter values can be made part of the

optimization problem such that an estimate of the internal conductivity value can be

corrected throughout the optimization procedure. We will not include such an additional

optimization loop in the algorithm proposed here, but instead test the algorithm against

incorrectly estimated internal conductivity values. For details, see below.

To discuss the technical implications of such a level set based shape evolution

approach, let us begin by introducing a sufficiently smooth level set function φ : Ω→ R,

which defines a shape S by

Π(φ)(x) =

{

bi(x) in S where φ(x) ≤ 0,

be(x) in Ω\S where φ(x) > 0,
(17)

where the indices i and e denote interior and exterior respectively. The boundary ∂S is

given by the zero level set ∂S = {x ∈ Ω : φ(x) = 0}. This representation can be written

in the convenient form

Π(φ)(x) = bi(1−H(φ)) + beH(φ),

where H is the Heaviside function. In the level set inversion, we are interested in finding

a suitable φ such that the data misfit is minimized. With this in mind, let

T (φ) = R[Π(φ)] , J (φ) = ||T (φ)||2L2(Ω),

which yields the formal gradient

∇J [φ] =
ns
∑

j=1

∇Jj[φ].

From (7, 8) we obtain the analog

∇Jj[φ](x) = T
′
j [φ]

∗Tj [φ](x) = Π′(φ)Ej(x) · Ej(x), (18)

where

Π′(φ) = (be − bi)δ(φ)

and δ(·) is the Dirac Delta distribution. In the advent of numerical experiments, such

a distribution has to be approximated by a function in a suitable space. Therefore, we

choose a narrowband function [48, 54], such that δ(φ) ≈ χBd(Γ), where

Bd(Γ) = {x : ||x− Γ||22 ≤ d/2},
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d > 0 and χD is the characteristic function. Other approximations are possible as

well. In general, we assume that boundaries of objects are smooth. Therefore, as in

the L2-based LK and LK-Sparsity algorithms, one can map the gradient to a smoother

space.

Thus, in spirit of the LK technique, we obtain the following iterative scheme

φk+1 = φk − τk∇J
s
[k][φk], (19)

where τk is a step size to be discussed. It must be stated that the initial level set function

is chosen to be a signed distance function [48, 54], representing some arbitrary initial

shape. Typically, a level set representation of an ellipsoid or sphere in the centre of

Ω suffices in simple geometries, such as those considered here. Better adapted initial

guesses can speed up the reconstruction, though, and for that reason should be used

whenever available. Once this initial shape has been assigned, we can proceed with the

iterative scheme in (19) for k ≥ 1.

As in the previous two Kaczmarz based reconstruction schemes, an efficient line

search is vital for success in this shape based scheme. It turns out that for shape based

schemes a very simple yet efficient line search can be designed which does not require

any additional forward solves. An improvement of the line search scheme introduced

recently in [21] will be presented in Appendix B and is used in Algorithm 3.

Algorithm 3 LK-Level set Reconstruction with dynamic backtracking line search

1: procedure Initialization

2: Choose ns, nr, I[k], f, S and b0 = background conductivity

3: Initialize level set function as a signed distance function φ(0)

4: Choose interval Itarget = [Ninf , Nsup] and set n = 0

5: Choose τ0 such that N ∈ Itarget initially

6: procedure LK-Level set Reconstruction

7: for k = 0 : Sns − 1 do (loop over sweeps)

8: Compute Itarget = Itarget(k) according to (27a, 27b)

9: Calculate ∇J[k][φk] using (18)

10: Compute smoothed gradient ∇J s
[k][φk] by solving (10)

11: if k = ins for i = 1, 2, · · · , S − 1 then

12: Compute N using Nj from the previous ns iterations

13: Adjust τk according to (26)

14: else

15: Perform backtracking line search for step-size τk
16: with updated interval Itarget(k)

17: Update level set function: φk+1 = φk − τk∇J
s
[k][φk]

18: Rescale φ(k+1) 7→ ξφ(k+1) with scaling parameter ξ ∈ R+.
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8. Numerical Experiments

8.1. Computational Setup

We model a cube-shaped container by a domain Ωh = [3] × [3] × [3]m3. The domain

Ωh is divided into [20]× [20]× [20] uniform rectangular grid cells, each of them having

dimension [0.15] × [0.15] × [0.15]m3. For practical reasons, sources and receivers are

located along two planes with constant z coordinates, opposing each other at both sides

of the box (See Figure 1). There are no sources or receivers facing the other four sides

of the domain. As already mentioned, we equip Ωh with a homogeneous background

conductivity, shielded walls on all six sides, and some unknown embedded internal

object(s). The shielded walls have dimensions [3]×[3]×[0.30]m3 on the two sides parallel

to the xy plane, and the same but shifted dimensions for the corresponding coordinates

at the other four sides. These shielded walls are composed of material with conductivity

σs = 0.1 Sm−1. In our numerical experiments, we use two distinct test phantoms; the

first consists of two rectangular small cuboid inclusions embedded in the interior of the

domain of interest, and the second is a horizontal torus shaped inclusion. We choose both

phantoms to be composed of material with conductivity σt = 0.5 Sm−1. The remaining

space (not occupied by those inclusions) is filled with air, which is assumed here to

have a homogeneous background conductivity σ0 = 1 × 10−8 Sm−1. A summary of the

used conductivity values has been shown in Table 1 in Section 2. Furthermore, a single

frequency f = 1MHz is used. We consider (ns, nr) = (16, 100), where the distribution

of these sources and receivers follow that in Figure 1. Each source has dimension

[0.60] × [0.60] × [0.15]m3 and each receiver has dimension [0.15] × [0.15] × [0.15]m3.

As described in Section 3, we excite each source (electric wire loop) with an electric

current Ij = I = 0.1A.

Our discretization of the Maxwell model in (1a, 1b) overall follows the scheme

described in [3, 4, 29, 30] and is implemented by using the programming language

Python. The scheme discretizes a vector potential formulation of (1a, 1b) and integrates

over finite volumes to find a discrete Maxwell system. We then solve the discrete Maxwell

system iteratively using the BiCGSTAB algorithm, with tolerance 10−4. A simple post-

processing step is then performed to obtain the electromagnetic fields E and H from

the vector potential.

In all our numerical experiments presented here, we use synthetically generated

data using the same forward modelling scheme, but add 1% white Gaussian noise to

the data before its use as data in the inversion process. For future work we plan to use

data generated by a different independent forward solver, but in this study aiming at

a proof-of-concept analysis we decided to use noisy simulated data instead. Thus, the

data F̃j admits a decomposition

F̃j =MjÊj(x) (1 + cǫj) , (20)

where Êj(x) is the electric field generated by the test phantom, ǫj ∼ N (0, 1) and c ∈ R

is a scaling parameter that dictates the noise level. Across all reconstruction schemes
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for near-field electromagnetic imaging considered here, we assume the computational

setup described in this section and that the measured data decomposes as in (20).

The numerical experiments are structured as follows. The two phantoms described

above are displayed in Figure 2 (marked there as ‘True Phantom’) in form of surface

plots, both enclosed inside the shielding shell. We have performed all numerical

experiments on both phantoms with comparable quality of results, but for the sake

of brevity we will display here the results in the following way:

(i) LK-Level set Reconstructions for Phantoms 1 and 2 using Algorithm 3;

(ii) LK-Pixel Reconstructions for Phantom 1 using Algorithm 1;

(iii) LK-Sparsity Reconstructions for Phantom 1 using Algorithm 2.

For the pixel-based reconstructions, we will display cross sections of the recovered

conductivity (including the shielding shell). For the level set reconstructions, we will

consider both, cross sections and three-dimensional surface plots. Surface plots are

available here as the unknown part of the conductivity is binary by definition. Therefore,

the recovered conductivity inside the domain of interest admits only two values; the

background and target conductivity. When displaying level set reconstructions in form of

surface plots, we will not show the shielding shell. For the LK-Sparsity reconstructions,

we will display cross sections of the recovered conductivity including the shielding shell.

We use the line search criteria for the LK-Sparsity scheme once for each test phantom

and use the resultant parameter τ0 for all sparse reconstructions, with respect to each

test phantom. Moreover, we will provide the corresponding plots of the evolution of

residuals, step sizes τk and, if applicable, N against the sweep number s. We will also

provide comparisons of the three methods afterwards.

In more technical aspects, we have chosen in these numerical experiments the

intervals Itarget = [Ninf , Nsup] where Ninf = 0 and Nsup = 25, I ′target = [N̂low, N̂high]

where η = 1/5, S = 200, Nlow = 1
4
Nsup and Nhigh = 3

4
Nsup. These are our parameters

for the dynamic intervals described in (27a, 27b). Bounds of the admissible interval

range Itarget are displayed in block black lines and bounds of the desired region I ′target
are shown with dashed green lines. Across all three inversion schemes, we perform

N = 25 steps of the heat equation for smoothing the L2 gradient.

8.2. Level set reconstruction with correctly chosen contrast value

Shown in Figure 2 are surface plots of 3D LK-Level set reconstructions for two

test phantoms, where the correct internal conductivity value is employed during the

reconstruction. By observation, the algorithm has distinguished between two objects

within the domain and has recovered parts of the torus. We notice that the method

manages to resolve two distinct shapes and a torus shaped object.

Figure 3 shows an evolution of the average number of pixels N that change per

sweep and its relationship with the step size τk. In particular, the algorithm attempts

to keep N ∈ I ′target(s) for each sweep s by adjusting τk according to the line search

scheme discussed in Appendix B.
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Initial Shape s = 5 s = 10 s = 40

s = 80 s = 100 s = 150 True Phantom

Initial Shape s = 5 s = 10 s = 40

s = 80 s = 100 s = 150 True Phantom

Figure 2. Surface plots of 3D shape evolution. Shown are (from left to right) the initial

shape, snapshots at iteration numbers s = 5, 10, 40, 80, 100, 150, and the reference

shape. Top two rows: test phantom 1; Bottom two rows: test phantom (2).
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Figure 3. Evolution of line search parameters N,Gτk (Giga τk) and of the pseudo

residual mR[b] (part per thousand) against iteration number for test phantom 1.

For computational purposes, we monitor the cost evolution per sweep number s by

using an approximate (pseudo or lagged) data misfit functional

Ĵ [b]s =
ns
∑

j=1

Jj[bj ],

where the right hand sum is taking the values recorded during sweep s before an update

is made, as we can compute those values ‘on the fly’ without significant computational

effort. This seems justified since calculating the correct residuals by running ns

additional forward problems (not shown here) demonstrated that the differences are

minor and not significant for monitoring purposes. By observation of Figure 3, we see

that the pseudo residual converges as the sweeps progress. Also shown is the dynamic

updating of τk as LK-Level set attempts to retain N ∈ I ′target each sweep.

8.3. Level set reconstruction with incorrectly chosen contrast value

As demonstrated in the first two numerical experiments described in Figures 2-3, the

level set method performs reasonably well in recovery of location and shape, under the

assumption that interior and exterior values of conductivity are known. We claimed

earlier that for very low frequency situations an rough approximation to the internal

conductivity value is sufficient in order to obtain reasonable shape reconstructions. This

has been confirmed by various numerical experiments so far, of which we will show only

one representative case in this section. Additional examples will be shown elsewhere.

For this purpose, let us now consider a level set reconstruction where the conductivity

value is assumed only half the correct value during the iterations. Figure 4 shows surface

plots of the 3D LK-Level set algorithm under this incorrectly chosen interior value for
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Initial Shape s = 5 s = 10 s = 40

s = 80 s = 100 s = 150 True Phantom

Figure 4. Surface plots of 3D shape evolution for test phantom 2. Here the internal

conductivity value is assumed during the reconstruction σ = 0.25 S/m instead of the

correct value σ = 0.5 S/m. Shown are (from left to right) the initial shape, snapshots

at iteration numbers s = 5, 10, 40, 80, 100, 150, and the reference shape.

test phantom (2). By observation we see that the algorithm responds to the modelling

error of underestimating bi by recovering the inclusions with a similar shape as the

correct one, but slightly ‘inflated’, i.e. covering a larger volume. This is still acceptable

in situations where the main goal is to identify and locate certain target objects, such

as threats hidden in boxes or containers or certain objects hidden in caves or rooms.

We mention that similarly an overestimation of the internal conductivity by a factor or

2, for example, reconstructs a shrunk version of the correct shape. Still, the true overall

shape remains visible. Smaller deviations from the true internal value have minor effects

on the reconstructions, and if needed an additional internal optimization loop over this

internal value can be incorporated into the level set based reconstruction scheme. This

internal optimization loop, however, tends to converge only very slowly towards the

correct value and significantly slows down the overall reconstruction scheme, such that

it is left out of the demonstrations in this paper.

8.4. Sparsity regularized reconstruction and comparison of all three schemes

Figure 5 compares different reconstructions with each other using Algorithm 1 (L2-

based), Algorithm 2 (sparsity promoting with different sparsity levels) and Algorithm

3 (level set based with exact internal value) by using test phantom 1. It shows in rows
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3-5 the same 2D cross-sections of different LK-Sparsity reconstructions of test phantom

1 and compares them with the level set (row 2) and L2-based (row 6) counterparts.

Row 1 of the image shows the reference profile. We note in the images of rows 3-5

that the gradient of the conductivity between neighbouring cells in non zero regions

increases as one reduces the threshold parameter. The visual comparison with the

level set based shape reconstruction in row 2 and the L2 based voxel reconstruction

shows that the sparsity reconstructions tend to provide some form of trade-off between

compact reconstructions of the level set approach and the smooth profiles of L2 based

reconstructions, depending on the chosen sparsity level. This is to be expected, as the

sparsity term can be considered a valid regularizer where the threshold value is part

of the regularization scheme. However, insisting on a very sparse conductivity profile

can allow the recovered shape to be distorted, with some parts of the object becoming

suppressed by the algorithm, as can be seen in the reconstruction of the long bar on

the right of the images. Therefore care must be taken when choosing the threshold

parameter. The level set reconstruction does not a priori enforce sparsity in the voxel

basis, such that extended objects tend to be better reconstructed by such a shape based

approach compared to sparsity approaches.

Figure 6 shows further comparisons for test phantom 1. The top image compares

the data misfit for different sparsity levels Λ against sweep number. The center images

compares the three reconstruction schemes with respect to their (pseudo) data misfits

against sweep number. As we reduce the sparsity thresholding term, we see that the

data misfit is shifted by a factor downward. In comparison with the reconstructions in

Figure 5, this is consistent; since increasing the threshold yielded a reconstruction which

has less resemblance with the true phantom. As we lower the threshold parameter, the

cost curve shifts closer to the LK-Pixel cost. This is to be expected, as LK-Sparsity

regularizes the LK-Pixel problem. Also, for giving a fair treatment to all three algorithms

in this comparison, we need to keep in mind that we only plot the pseudo-data misfit

here, which is not explicitly minimized in the sparsity promoting reconstruction scheme

where an additional sparsity term appears in the cost functional. Finally, the bottom

image of the figure shows a line plot of the diagonal in each reconstruction at the stated z

for test phantom 1. It highlights the behaviour of each reconstruction scheme compared

to the true phantom. By observation of the line plots, we can see peaks in the same

region as the true phantom across all three reconstruction schemes, with LK-Sparsity

attempting to zero fill where there is no object. The smooth behaviour of the LK-Pixel

scheme is also clear to see.
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Figure 5. Top: Slices of test phantom 1 Left z = 44, middle x = 17, right y = 26.

First row: Reference medium; Second row: Level set based reconstruction;

Third row: 3D LK-Sparsity reconstruction, s = 100 and (τ, d1) = (7.7413× 105, 0.95).

Fourth row: 3D LK-Sparsity reconstruction, s = 100 and (τ, d1) = (7.7413×105, 0.80).

Fifth row: 3D LK-Sparsity reconstruction, s = 100 and (τ, d1) = (7.7413× 105, 0.60).

Sixth row: 3D LK reconstruction without sparsity enforcement.
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Figure 6. Top: Evolution of pseudo-cost for test phantom 1 with varied sparsity level

d1; Middle: Comparison of pseudo-cost across all three reconstruction schemes for test

phantom 1, with sparsity level d1 = 1.20; Bottom: Line plots of the diagonal at z = 44

for test phantom 1, with sparsity level d1 = 1.2 used.
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9. Summary and Conclusion

We have introduced two new reconstruction algorithms for the imaging of shielded

containers using near-field electromagnetic data. A comparison of the performance

for our two proposed reconstruction schemes was made with an established scheme

and between each other. The first new algorithm solves a shape-based EM inverse

problem by adapting general ideas described in [18, 22] for application in this new

challenging situation. The second one solves a pixel-based EM inverse problem but

promotes sparsity in the solution through regularization. The method used here follows

that proposed in [50] (for a different 2D imaging modality) and extends it to 3D imaging

from near-field electromagnetic data.

The performances of all three algorithms are promising for constructing a general

purpose algorithm. However, when a priori knowledge is available, indicating that

inclusions with small compact support and significantly higher internal conductivity

value are present in the domain of interest, then both the sparsity regularized and the

level set based shape evolution approach perform better than the standard L2-based

scheme. This is true even in situations where the L2-scheme reduces the least squares

data misfit functional to the same extent as the other two schemes. Due to the additional

constraints included in the sparsity and level set based algorithms, reconstructions are

more likely to yield results which are in agreement with such prior information.

The numerical experiments presented in this paper using noisy simulated data

served as a proof-of-concept study, where it is useful to have full control over the noise

level. In the future, we aim at investigating robustness of all three schemes with respect

to independently generated data (using a completely different forward simulation tool,

or ideally real data). In addition, we want to investigate the possibility of reconstructing

more than one electromagnetic material parameter, as well as incorporating anisotropy

in the parameter distributions. Furthermore, we want to increase the conductivity

of embedded objects as well as our shielded walls in order to verify the limitations

and capabilities of these algorithms in a variety of practically important applications.

Finally, we will aim at applying these techniques to situations at a variety of scales,

possibly including multi-frequency or broad-band electromagnetic data at suitable

frequency ranges.

Appendix A: An efficient line search strategy for Kaczmarz iterations

In this Appendix, we propose a novel line-search strategy to be employed in the LK-Pixel

and LK-Sparsity algorithms that are presented in this paper.

To start with, we consider a preprocessing step (involving a sufficiently large subset

of the entire data set) which gives us a rough estimate of how τ0 should be chosen.

Then, we dynamically update τk in the following sweeps using a different criteria. For

this purpose, we choose an n0 sufficiently large (1 ≤ n0 ≤ ns) and solve n0 forward and

n0 adjoint problems for computing ∇Jn0
[b0] based on this subset of the data, where
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∇Jn0
[b0] admits the decomposition: ∇Jn0

[b0] =
∑

j∈{j1,j2,···,jn0
}∇Jj[b0]. Whereas the

succeeding Kaczmarz type approach usually only uses the information of one single

source position in one update, in this first step a subset of n0 sources should be chosen

to combine information of a significant subset of source positions for calculating a more

reliable initial estimate of the gradient ∇J [b0]. We usually would choose a quarter

or half of all available sources, but we could use less or more than those if this seems

reasonable. The choice of source indices can follow a random rule (as it is done here and

is often done in stochastic gradient schemes [27]) or alternatively we can select source

indices following a more systematic way. Once we have calculated ∇Jn0
[b0], we devise

a method for computing τ0 as follows. Instead of considering the cost functional that

incorporates the entire data set, we consider in our initial step a reduced cost functional

S0 which only considers the chosen subset of n0 source positions. In a line search we

will monitor its behaviour with respect to various choices of τ

S0(τ) = ||R̃[b(τ)]||
2
L2(Ω), (21)

where

R̃[b(τ)] =
∑

i∈{j1,j2,···,jn0
}

Ri[b(τ)] and b(τ) = b0 − τ∇Jn0
[b0] . (22)

We now follow a variant of the so-called Brent method [49], which we adjust to the

Kaczmarz type scheme. Let us define Iτ = [τmin, τmax] and denote τ ∗ ∈ Iτ the minimizer

of S0(τ) (assuming that there is only one in the given interval). We choose here

τmax = c1
||b0||2

||∇Jn0
[b0]||2

, τmin = c1τmax, (23)

where c1 ∈ (0, a), a ∈ R+, but other choices are possible. Typically, a is chosen to be

much less than unity so that we don’t promote large τ which might cause problems

in a Kaczmarz type scheme. Note that choosing n = ns retains our original cost

functional and performs a traditional line search in this first step. In practice, a small

fraction of ns sources seem sufficient for choosing τ0. And so, (21) can be evaluated for

τ = τmin, τmid, τmax; where τmid is the middle point of the interval Iτ .

Once the residual quantities have been computed, we choose

τ0 =



























τmin if R̃[b(τmin)] < R̃[b(τmid)] and R̃[b(τmax)];

τ qmid if R̃[b(τmid)] < R̃[b(τmin)] and R̃[b(τmax)] where

τ qmid is the minimizer of a quadratic polynomial

φq(τ) = aτ 2 + bτ + c fitted to τmin, τmid, τmax

τmax if R̃[b(τmax)] < R̃[b(τmin)] and R̃[b(τmid)].

(24)

Once τ0 has been chosen, the algorithm described in (9) proceeds and τk is dynamically

updated such that

τk+1 =

{

τk if J [bk]− J [bk−1] < 0;

(1− c1)τk if J [bk]− J [bk−1] > 0,
(25)

for k ≥ 1, τ1 = τ0 and c1 ∈ [0.5, 1). This dynamic correction helps the algorithm

stabilize as it tries to stop it from overestimating. Practically, we approximate J [bk];

as is discussed in section 8.
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Appendix B: A new line search strategy for Kaczmarz guided level set

evolution

In this Appendix, we describe an improved line search strategy based on one previously

presented in [21] for level set based shape evolution scheme in the Kaczmarz setting.

In shape evolution schemes, the overall progress of the inversion can be directly

quantified by counting the number of voxels that change values from bi to be (and vice

versa), in each step of the inversion. Practically, this quantity resembles a shape velocity

multiplied by the time step taken in each artificial evolution step; which is a reasonable

quantity to control in such shape evolution approaches. When insisting on a smooth

evolution of the shape across all individual Kaczmarz updates, we would hope that each

update provides such a voxel count in a certain range of admissible values. Therefore,

in order to maintain convergence of the algorithm, we record the number of voxels Nj

that change value in the kth update. Our aim is to choose τk such that Nj lies in an

interval deemed suitable for the shape to evolve smoothly. The relationship between

Nj and the data misfit is currently unclear. However, we can follow standard ideas of a

backtracking line search for τk such thatNj ∈ Itarget where Itarget = [Ninf , Nsup] is chosen

appropriately. An insistence of Nj ∈ Itarget does not alleviate the problem of giving

equal weighting to each sensitivity pattern of the jth source. To tackle this, we employ

a dynamic correction of τk each sweep. In particular, we compute the average number of

voxels N = (1/ns)
∑ns

j=1Nj each sweep and try to adjust τk so N ∈ I ′target = [Nlow, Nhigh]

such that

Ninf < Nlow < Nhigh < Nsup.

Hence

τk =

{

k1τk−1 if N > Nhigh where k1 ∈ [0.5, 1);

k2τk−1 if N < Nlow where k2 ∈ (1, 2],
(26)

where k = ins for i = 1, 2, · · · , S. For other k (i.e. per source), we perform a

backtracking line search where we hope τk is sufficiently large so that it must be reduced

to ensure that Nj ∈ Itarget. Note that we initialize τ0 such that N ∈ Itarget, as this

alleviates the issue of choosing τ0 too small or large.

The exact relationship between the number of voxels that change and the residual

is not directly monitored here (otherwise the scheme would become less efficient).

Intuitively, one expects that N reduces over an algorithms lifespan; due to diminishing

returns of gradient descent methods. An artificial way of addressing this is to introduce

a dynamic interval Itarget = Itarget(s), which induces I ′target = I ′target(s). In particular,

we insist that

N̂high(s, η) =
1

S
(Nlow −Nhigh) ηs+Nhigh; (27a)

N̂low(s, η) = −
1

S
Nlowηs+Nlow, (27b)

where η is a parameter that dictates ‘shrinkage’ of the admissible interval range Itarget.

Note that η = 0 yields retention of the constant interval.
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