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Majorana edge and corner states in square and Kagome quantum spin-3/2 liquids

Haoran Wang1 and Alessandro Principi1, ∗

1Department of Physics and Astronomy, University of Manchester, Manchester M13 9PL, UK

Quantum spin liquids hosting Majorana excitations have recently experienced renewed interest
for potential applications to topological quantum computation. Performing logical operations with
reduced poisoning requires to localize such quasiparticles at specific point of a device, with energies
that are well defined and inside the bulk energy gap. These are two defining features of second
order topological insulators (SOTIs). Here, we show two spin-3/2 models that support quantum
spin liquid phases characterized by Majorana excitations. One of them, defined on a square lattice,
is analytically solvable thanks to a theorem by Lieb and behaves as a known SOTI. We show that,
depending on the values of spin couplings, it is possible to localize either fermions or Majorana par-
ticles at its corners. The second model, defined on a Kagome lattice, exhibits coexisting topologies,
which reflect in a complex pattern of edge states. For certain choices of spin couplings, edge states
can localize at one of the corners of a finite Kagome lattice with flat edges.

I. INTRODUCTION

Quantum spin liquids (QSLs) are intriguing states of
matter in which spins never freeze into an ordered state
due to their high degree of entanglement [1–4]. Re-
cently, they have experienced rekindled interest because
of two main factors. On the one hand, the development
of exactly-solvable spin-lattice models, for example Ki-
taev’s [5], which host QSL phases whose excitations are
neither fermions nor bosons but Majorana particles. On
the other hand, the discovery of new materials compati-
ble with such models [6].

Majorana particles are one of the cornerstones of re-
search in topological quantum computation, since they
can be used to design quantum gates that are resilient to
external noise [7–10]. In order to use them to perform
logical operations, it is however crucial to find ways to
localize them at specific points of the system, with well-
defined energies inside an energy gap. The former prop-
erty is missing in the original Kitaev QSL model. There,
1D Majorana channels can be formed at the edges, in
the presence of a magnetic field [5]. (In principle, it is
also possible to localize Majorana particles at vortices
of the Z2 gauge field [5, 11]. However, generating and
controlling such nanoscale objects in experiments would
be extremely challenging.) In this paper we show two
spin models, one of which analytically solvable, which
support topologically-protected Majorana corner states
with energies in the middle of the bulk band gap.

Mid-gap corner states emerge in two-dimensional (2D)
“second-order” topological insulators (SOTIs) [12–20]. d-
dimensional SOTIs are insulating both in the bulk and
at the surfaces, but exhibit gapless d−2-states protected
by a variety of crystalline symmetries [13] (among others,
mirror reflection, twofold rotation, or inversion symme-
try). SOTIs have been realized in various experiments,
most notably in artificial settings such as mechanical [21],
electrical [22], microwave [23], and photonic [24] devices,
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but they have also been shown to occur in Nature [25].
A similar phenomenology has been predicted to occur in
non-Hermitian [26] or magnetic [27, 28] systems, topo-
logical [29–35] or high-temperature [36] superconductors
and QSLs [37, 38]. In the latter two, corner states can be
Majorana particles. However, to the best of our knowl-
edge, no analytically solvable QSL has been shown to
exhibit Majorana corner states [39].

Here we study two frustrated spin-3/2 systems which
exhibit QSL phases and corner states at low tempera-
ture. The models we study are similar to that of Ref. [37]
but are defined on Kagome [40] and square [41] lat-
tices, rather than on the Shastry-Sutherland one. Fol-
lowing Kitaev’s construction [5], we fractionalize the spin
degrees of freedom into two itinerant Majorana parti-
cles and a quenched Z2 gauge potential. Notably, the
ground state of the square lattice we study is analytically
known [42]. We show that both models can support sta-
ble fermionic or Majorana corner states, depending on
the values of the spin couplings. The analytical solvabil-
ity of the square-lattice model lends credibility to the
possibility of finding Majorana corner states in QSLs.

II. THE MODEL

We consider two lattices, square and Kagome, at whose
sites are located spin-3/2 variables. The Hamiltonian
of such systems can be written in terms of 4 × 4 ma-
trices which operate on the four spin polarizations at
each site. The basis of 4 × 4 matrices can be chosen
to be composed by: the identity, five Gamma matrices
Γ̂a (a = 1, . . . , 5) which can be represented as symmet-

ric bilinear combinations of the spin-3/2 operators Ŝα

(α = x, y, z) as [40, 41, 43, 44]

Γ̂1 =
{Ŝy, Ŝz}√

3
, Γ̂2 =

{Ŝz, Ŝx}√
3

, Γ̂3 =
{Ŝx, Ŝy}√

3
,

Γ̂4 =
1√
3

[
(Ŝx)2 − (Ŝy)2

]
, Γ̂5 = (Ŝz)2 − 5

4
, (1)
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(a) (b)
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FIG. 1. A pictorial representation of the two models stud-
ied in this paper. Panel (a) The square model. Panel (b)
The Kagome model. In both cases we identify three types of
plaquettes and two types of bonds. Solid (dashed) arrows cor-

respond to couplings of the type Γ̂1
i Γ̂2

j and Γ̂15
i Γ̂25

j (Γ̂3
i Γ̂4

j and

Γ̂35
i Γ̂45

j ). The direction of the arrow is from site i to j. The
shaded region represents the unit cell used in square-lattice
calculations (atoms in it are labeled with 1, 2, 3 and 4). Panels
(c)-(f) The four distinct flux patterns in the Kagome unit cell
studied in this paper, named flux configurations 1 - 4 (FC1-
FC4, respectively). Panels (c) and (d) require doubling of the
unit cell.

and the ten bilinears Γ̂ab = [Γ̂a, Γ̂b]/(2i). Here, [·, ·] and
{·, ·} are the matrix commutator and anticommutator,
respectively. In passing we note that the chosen Gamma
matrices satisfy the Clifford algebra {Γ̂a, Γ̂b} = 2δab.

We now define the Gamma-matrix model [40, 41]

Ĥ = J1
∑
〈i,j〉∈P1

Γ̂1
i Γ̂

2
j + J2

∑
〈i,j〉∈P2

Γ̂3
i Γ̂

4
j

+ J ′1
∑
〈i,j〉∈P1

Γ̂15
i Γ̂25

j + J ′2
∑
〈i,j〉∈P2

Γ̂35
i Γ̂45

j + J5
∑
i

Γ̂5
i ,

(2)

where i and j label the lattice sites, while P1 and P2 are
the collections of plaquettes of types 1 and 2, respectively
(see Fig. 1 for the definition). In Eq. (2), the coupling be-
tween spins depends on the type of plaquette to which the
link 〈i, j〉 belongs (links are taken in the counterclockwise
direction in plaquettes 1 and 2). For the Kagome lattice,
plaquettes 1 and 2 coincide with upward and downwards
triangles, respectively. Conversely, the plaquettes of the
square lattice are taken to alternate between type 1 and
2 along every other diagonal, while all others are of type
3. In the Kagome lattice, hexagons are type-3 plaque-
ttes. Type-3 plaquettes do not appear explicitly in the
Hamiltonian (2) to avoid double counting the bonds

It is possible to define a set of flux operators Ŵp, one
per plaquette p, which commute with the Hamiltonian

and among themselves [40, 41]. These are

Ŵp =
∏
i∈p iΓ̂

12
i , if p of type 1 ,

Ŵp =
∏
i∈p iΓ̂

34
i , if p of type 2 ,

Ŵp =
∏
〈i,j〉∈p iΓ̂

23
i Γ̂14

j , if p of type 3 .

(3)

All products run over links taken in the counterclockwise
direction around a given plaquette. In the type-3 flux
operator, the first link is shared with a plaquette of type
1. The presence of such a large number of constants of
motion is at the root of the solvability of the models.

We now introduce six Majorana operators [40, 41]

ξ̂1i , ξ̂
2
i , ξ̂

3
i , ξ̂

4
i , ĉi, and d̂i at each site i, which satisfy the

anticommutation relations {ξ̂ai , ξ̂bj} = 2δijδ
ab, {ĉi, ĉj} =

2δij , {d̂i, d̂j} = 2δij , and {ĉi, ξ̂aj } = {d̂i, ξ̂aj } = 0. The

Gamma matrices are then expressed as Γ̂ai = iξ̂ai ĉi,

Γ̂a5i = iξ̂ai d̂i and Γ̂5
i = iĉid̂i, where a = 1, 2, 3, 4. This

representation enlarges the Hilbert space, introducing
non-physical states that must be projected out at the
end of the calculation [5, 40, 41]. To define the projec-

tion operator, we note that D̂i = −Γ̂1
i Γ̂

2
i Γ̂

3
i Γ̂

4
i Γ̂

5
i = 1.

In the Majorana representation, however, the eigenval-

ues of D̂i = −iξ̂1i ξ̂2i ξ̂3i ξ̂4i ĉid̂i are ±1. For any physical

state |Ψ〉phys, it must then be D̂i|Ψ〉phys = |Ψ〉phys, and
therefore one can define the projection operator onto the
physical Hilbert subspace as [40, 41] P̂ =

∏
i(1 + D̂i)/2.

In the Majorana representation, Eq. (2) becomes

ĤM = i
∑

〈i,j〉∈Pα

[Jαû
α
ij ĉiĉj+J ′αû

α
ij d̂id̂j ]+iJ5

∑
i

ĉid̂i, (4)

where α = 1, 2, û1ij = −iξ̂1i ξ̂2j , and û2ij = −iξ̂3i ξ̂4j . It
can be shown [5, 40, 41] that all ûαij commute with the
Hamiltonian (4). Consequently, the full Hilbert space
can be divided into sectors, each obtained by replacing
ûαij with the eigenvalues uαij = ±1. In each sector, Eq. (4)

describes free Majorana particles (ĉ and d̂) propagating
on top of the Z2 gauge potential uαij . The eigenvalues of
flux operators are

Wp =
∏
〈i,j〉∈p

iuαij ≡ eiφp . (5)

Here, φp is the flux through a given plaquette. For
Kagome lattices, φp = ±π/2, if p is of type 1 or 2, while
φp = 0 or π if p is of type 3. Because of the antisymmetry
of the Hamiltonian, a total of four distinct flux patterns
exist for any unit cell [see Fig. 1(c)-(f)]. The total flux
through a unit cell is either 0 or π, and in the π case
doubling the unit cell is required. In the square lattice,
the flux through any plaquette can only be either φp = 0
or π.

We warn the reader that, although the definition of
Wp given in Eq. (5) makes it evident the amount of flux
threading a plaquette (and the need, or not, for the dou-
bling of the unit cell), it makes it a little less clear how
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fluxes are connected to vison excitations [5]. For exam-
ple, consider a square lattice with all uij = 1. In this
case, the flux through each plaquette is equal to zero. If
we then flip one of the bonds to create two visons, we
immediately see that this corresponds to threading the
plaquettes neighboring the bond with π fluxes. On the
contrary, all hexagons of a Kagome lattice defined with
all uij = 1 are threaded by π fluxes. Therefore, flipping
a bond joining two hexagons results in the fluxes thread-
ing them to become equal to zero. This inconsistency
could be solved by defining flux operators as in Eq. (5)
but without the “i” factors. However, this choice would
make the determination of the flux threading plaquettes
more involved. As the focus of the paper is not on vison
excitations, but on propagating Majorana particles, to
determine whose properties the amount of flux threading
plaquettes is an important characteristics, we will con-
tinue to define flux operators as in Eq. (5).

We note that not all flux sectors describe different
physical systems. In fact, the variables commuting with
the original spin Hamiltonian are the fluxes Ŵp and not
the gauge potential ûαij . By performing the gauge trans-

formation ĉi → Λiĉi, d̂i → Λid̂i and uij → Λiu
α
ijΛj , with

Λi = ±1, both Hamiltonian and fluxes remain invariant.
Hence, 2N configurations of uαij describe the same phys-
ical state [5, 40, 41]. One can choose to work with any
configuration, depending on convenience: upon projec-
tion with P̂ , the physical state becomes a superposition
of states of all equivalent Hilbert space sectors. We now
set J5 = 0 and analyze the two lattices separately. We
discuss what happens when J5 6= 0 but small in the con-
text of the square lattice.

III. SQUARE LATTICE

We rewrite the Hamiltonian (4) as

ĤM = i
∑
`,m

(−)`+m
[
ux`,m(J̃mĉ`,mĉ`,m+1 + J̃ ′md̂`,md̂`,m+1)

− uy`,m(J̃`ĉ`,mĉ`+1,m + J̃ ′`d̂`,md̂`+1,m)
]
, (6)

where ` andm denote the row and column in the lattice of
Fig. 1(a), respectively, and 2J̃` = (J1+J2)+(−)`(J1−J2)

(J̃ ′` is analogously defined, with J ′1 and J ′2 in lieu of J1
and J2). In Eq. (6), ux`,m [uy`,m] is the value of the Z2

gauge field between sites i = (`,m) and j = (` + 1,m)
[i = (`,m) and j = (`,m + 1)] along the x [y] direction.
Thanks to Lieb’s theorem [42], the ground state of the
square lattice with equal hopping amplitudes is known
to contain one flux quantum per plaquette (φp = π) [45].
When the difference between hopping amplitudes is much
smaller than the two-flux excitation energy, we expect the
ground state configuration to remain unchanged.

We observe that −ĤM has the same flux pattern as
ĤM, since the latter is defined modulo 2π. Therefore,
−ĤM = ĜĤMĜ−1, where Ĝ is a gauge transformation

that inverts the signs of all u
x(y)
`,m . This implies that the

(a)

(b)

(c)

FIG. 2. Panel (a) The eigenvalues of Hamiltonian (9) for
both J2 = J1 (inner bands) and J2 > J1 (outer bands). Pan-
els (b) and (c) Two of the four corner states of Majorana
particles obtained by numerically diagonalizing the c-part of
Hamiltonian (6) for J1 = 0.3 and J2 = 1. The dot size repre-
sents the weight of the wave function on the given site. Due
to the structure of Eq. (6), d-particles would exhibit the same
states for J ′2 > J ′1.

eigenvalues of ĤM must be symmetric about zero, since
if the state |ψ〉 has energy E, then the state Ĝ|ψ〉 has

energy −E. We also note that, if R̂ is a 90◦ rotation,
there exist a gauge operation K̂ such that R̂ĤMR̂−1 =
K̂−1ĤMK̂. Therefore K̂R̂ is a symmetry of the system. It
can be easily verified that (K̂R̂)4 = 1, and therefore the
eigenstates of (6) can be one, two or four-fold degenerate.

To progress further, we introduce the fermion operator

f̂`,m, such that

ĉ`,m = i`+mf̂†`,m + (−i)`+mf̂`,m ,

d̂`,m = i`+m+1f̂†`,m + (−i)`+m+1f̂`,m . (7)

Plugging this expressions into Eq. (6) we find

ĤM =
∑
`,m

{
ux`,m

[
(−)`+mtmf̂

†
`,mf̂`,m+1 −∆mf̂

†
`,mf̂

†
`,m+1

]
−uy`,m

[
(−)`+mt`f̂

†
`,mf̂`+1,m −∆`f̂

†
`,mf̂

†
`+1,m

]}
+ h.c., (8)

where t` = J̃`+J̃
′
` and ∆` = J̃`−J̃ ′`. The Hamiltonian (8)

is in form identical to that of spinless electrons paired
by p-wave superconductivity. Here, however, the pairing
can have a vortex structure commensurate to the lattice
(see more below). From now on, we choose the gauge-
potential configuration ux`,m = (−1)`+m and uy`,m = +1,
that corresponds to having a π-flux in each plaquette.

Up until now, we have left the couplings J1, J2, J
′
1

and J ′2 unspecified. Now we study two interesting sit-
uations. In the first case we set J ′1 = J1 and J ′2 = J2.
In turn, t` = (J1 + J2) + (−)`(J1 − J2) (tm is analo-
gously defined), while ∆` = ∆m = 0. The resulting
Hamiltonian is in form identical to that of a fermionic
SOTI [12], and therefore exhibits a phase transition at
J1 = J2. For a system with periodic boundary condi-

tions we can rewrite ĤM =
∑

k,α,β F̂
†
k,αH

(0)
k,αβF̂k,β , where
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F̂k = t(f̂k,1, f̂k,2, f̂k,3, f̂k,4). Here, t denotes transposi-
tion, while (a is the side of the unit cell)

H
(0)
k =

[
t0 + t1 cos(kxa)

]
11⊗ σx +

{
t1 sin(kya)σx

+
[
t0 − t1 cos(kya)

]
σy + t1 sin(kxa)σz

}
⊗ σy.(9)

Here, 11 is the 2×2 identity matrix and σa (a = x, y, z) are
Pauli matrices. Fig. 2(a) shows the eigenvalues of Eq. (9)
for two values of J1 and J2. When J1 = J2, the two
bands are doubly-degenerate and touch linearly at the
points (±π/a, 0). A gap opens when J2 6= J1. When such
system is made finite, it is seen to transition from trivial
insulator to SOTI [12] at J1 = J2. In Fig. 2(b)-(c), we
show two of the four lowest eigenstates of Eq. (8), defined
on a square lattice with four unit cells along each edge,
for J2 > J1. These zero-energy corner states are four-
fold degenerate in the limit of large lattice sizes (for finite
lattices, they split into two positive- and negative-energy
doublets), and exhibit a periodic modulation along the
edges reminiscent of SSH edge states. In fact the weights
of corner states alternate between finite and zero going
along each of the two neighboring edges. Edge states also
appear at finite energy and are four-fold degenerate.

More intriguing is the configuration in which J ′1 = J2
and J ′2 = J1, which imply t` = tm = J1 + J2 and
∆` = (−)`(J1 − J2). In this case, both the hopping part
and the p-wave pairing in Eq. (8) are characterized by
a π-flux structure. The spin system is therefore mapped
into spinless fermions under the simultaneous effect of Z2

fluxes and p-wave pairing exhibiting a π-flux structure
(i.e. an Abrikosov lattice of “half vortices” commensu-
rate to the square lattice). For a system with periodic
boundary conditions, the Hamiltonian is

ĤM =
∑
k

(
F̂ †k, F̂−k

)(H(0)
k ∆k

∆†k −tH(0)
−k

)(
F̂k

F̂ †−k

)
,(10)

where

∆k = −i
[
∆0 + ∆1 cos(kxa)

]
11⊗ σy + i

{
∆1 sin(kya)σx

+
[
∆0 −∆1 cos(kya)

]
σy + ∆1 sin(kxa)σz

}
⊗ σx.(11)

Since all hopping amplitudes are equal, if the pairing is
artificially made to vanish the band structure of Eq. (10)
exhibits no gap, exactly as in Fig. 2(a). The pairing
opens a gap and its vortex structure enables the local-
ization of Majorana particles at the corners of finite sys-
tems [analogously to Figs. 2(b)-(c)]. Majorana particles
are present for all J1 and J2, except when J1 = J2, for
which the gap that stabilizes corner states closes.

All these findings are made clearer by observing that
Eq. (6) describes two copies of the same “Majorana

SOTI” [12], one for the ĉ- and one for d̂−particles. When
J5 = 0, the two are independent and exhibit the SOTI
transition at J1 = J2 and J ′1 = J ′2, respectively. When

J ′1 = J1 and J ′2 = J2, both ĉ- and d̂-Majorana particles
localize at the corners for J2 > J1 (when the number of
plaquettes per side is odd). Therefore, as shown above,
corner states have fermionic statistics. When J5 6= 0,

(a) (b)

FIG. 3. (a) Kagome ribbon, obtained by imposing open
boundary conditions in the horizontal direction and periodic
boundary conditions in the vertical one. In the finite direc-
tion, the ribbon contains 59 atoms, and is terminated with
flat edges (i.e. with upward and downward triangles). (b)
The finite Kagome lattice used in our numerical calculations,
in the shape of a parallelogram. The number of sites is 280.

the ĉ- and d̂-Majorana particles localized at the corners
of the square lattice will therefore form stable fermionic
quasiparticles.

On the contrary, when J ′1 = J2 and J ′2 = J1, ĉ- and

d̂-Majorana particles localize at the corners on opposite
sides of the transition point J1 = J2. Therefore, for

J2 > J1 (J2 < J1) only ĉ- (d̂-)Majorana particles localize
at the corners. Hence, the system is a Majorana SOTI for
all values of J1 6= J2. Note that this renders J5 largely in-
effective (see also App. A). Such coupling pairs Majorana
particles of different kinds at the same site. However, for
any value of J1 6= J2 only one type of particle appears at
the corners.

IV. KAGOME LATTICE

As it is not a bipartite lattice, the ground state of the
Gamma-matrix model on the Kagome lattice is not ana-
lytically known. For this reason, we explore all four con-
figurations shown in Fig. 1(c)-(f). It was indeed shown in
Ref. [40] that these have very similar energies, and which
of them is the ground state can depend on the size of the
lattice. We diagonalize only the ĉ-part of Eq. (4). In fact,

when J5 = 0 the ĉ- and d̂-particles are completely inde-
pendent and the behavior of the latter can be deduced
by that of the former by replacing J1 → J ′1 and J2 → J ′2.

We have studied finite Kagome lattices in the shape of
parallelograms [see Fig. 3(b)] for all four flux configura-
tions shown in Fig. 1(c)-(f) (which we name FC1-FC4,
respectively). In the finite lattice we studied, we have
found that edge states appear all throughout the energy
spectrum. Some of them are found to strongly localize
at one of the corners of the lattice for extremal choices
of J1 and J2. Therefore, in what follows we focus our
discussion of the edge states.

The discussion of edge states of quantum spin-3/2 liq-
uids in finite Kagome lattices is complicated by the simul-
taneous presence of magnetic fluxes and nearest-neighbor
couplings of variable magnitude. By varying the ratio be-
tween couplings, one would expect to obtain a physics
similar to the Su-Schrieffer-Heeger (SSH) model [46].
Therefore, in the ribbon of Fig. 3(a) one would expect



5

localization of edge states at either end, as in SSH chains
with an odd number of sites. This would translate, in the
parallelogram of Fig. 3(b), in localization of particles to-
wards one of its corners. On the contrary, magnetic fluxes
tend to rather stabilize a Chern-insulating behavior [47].
The latter hosts chiral edge states that wrap around the
entirety of the finite-lattice perimeter or, equivalently,
that exist on both side of the ribbon. This is reflected in
the complex phenomenology we observe in such lattices.
In fact, when the Kagome lattice is made finite in either
one or both directions, i.e. if it is shaped as either a rib-
bon or a parallelogram [Fig. 3(a) or (b), respectively], and
depending on the chosen flux configuration, we can dis-
tinguish two types of edge states. States of the first type
(termed “type-one edge states”) always localize on one
side of the ribbon or towards a single corner of the finite
lattice. Type-two edge states localize at both ends of the
ribbon, depending on the value of the one-dimensional
wave vector, with a clear direction of propagation (chi-
rality), or wrap around the full perimeter of the parallel-
ogram. Curiously, as shown below, type-one (SSH-like)
edge states never exhibit complete corner localization,
no matter the relative size of J1 and J2. On the con-
trary, we find that for extremal values of J1/J2 some of
the type-two (Chern-insulator-like) edge states exhibit
nearly perfect corner localization. A detailed analysis of
this phenomenon, and of the impact of different types of
lattice termination on it, is postponed to future work.

We find that each band gap (for given flux configura-
tion and magnitudes of J1 and J2) can only host a single
type of states. Furthermore, the type of edge state corre-
lates with the total Berry phase of bands below the gap
in which they appear. If the total Berry phase is zero,
the states are always of type one. On the contrary, if the
Berry phase is finite, they are of type two. This allows us
to conclude that type-one edge states are due to SSH-type
topology, while type-two states are a consequence of the
Chern-insulating character of the system. Each flux con-
figuration exhibits a series of band-gap closings, usually
via the formation of Dirac crossing at critical values of
the coupling ratio J1/J2. At these critical points, for the
flux configurations of Figs. 1(c) and (e), both the total
Berry phase of each gap and type of edge states localized
therein changes. On the contrary, the type of states and
Berry phase remain unchanged in the flux configurations
of Figs. 1(d) and (f).

With the goal of making this brief discussion clearer
and provide more details to the reader, we now discuss
the phenomenology of the four flux configurations sepa-
rately.

A. Configurations 1 and 2

The flux configurations of Figs. 1(c) and (d), which we
shall name FC1 and FC2 for brevity, are characterized by
a total flux of π through the unit cell. Hence, their unit
cells must be doubled and contain six atoms each. As

(a) (b)

(c) (d)

(e) (f)

FIG. 4. Spectrum and eigenstates of the flux configuration
FC1 of Fig. 1(c). Panels (a) and (b): band structures for a
fully-periodic system and a ribbon [Fig. 3(a)], respectively.
Here, J1 = 1 and J2 = 0.3. Panels (c) and (d): evolution of
edge states occurring between bands 1 and 2 (numbered as in
the main text) of a finite Kagome lattice with parallelogram
geometry. The type-one edge state shown in (c) is obtained
for J1 = 1 and J2 = 0.3, while the type-two edge state of
panel (d) occurs for J1 = 1 and J2 = 0.99. Panels (e) and (f):
the evolution of a zero-energy edge state occurring between
bands -1 and 1 with nearest-neighbour couplings. In panel
(e), J1 = 1 and J2 = 0.7. In panel (f), J1 = 1 and J2 = 0.2.

such, the band structures of Kagome lattices with these
two flux configurations comprise six different bands, as
can be seen in Figs. 4(a) and 5(a). We see that FC1
presents a clear gap around zero energy. On the con-
trary the gap between the middle bands of FC2 is always
very small. This fact has important consequences for the
results obtained for finite lattices (ribbons and parallel-
ograms alike), which we will discuss momentarily. To
simplify our discussion of edge states and their location,
we will number the six bands of each configuration with
n = −3,−2,−1, 1, 2, 3, in order of increasing energy. Be-
fore proceeding with the study of finite Kagome lattices,
we analyze the behavior of band gaps and Berry phases
as a function of nearest-neighbor couplings J1 and J2 for
each of the two configurations independently.

For FC1, the band gaps between bands 1 and 2, and
between −1 and −2, close for J1/J2 = Jcrit and J1/J2 =
1/Jcrit. We find that Jcrit ' 0.85 for fully-periodic lat-
tices, and Jcrit ' 0.75 for ribbons. For J1/J2 < Jcrit and



6

(a) (b)

(c) (d)

FIG. 5. Spectrum and eigenstates of the flux configuration
FC2 of Fig. 1(d). In all panels J1 = 1 and J2 = 0.3. Panels
(a) and (b): band structures for a fully-periodic system and
a ribbon [Fig. 3(a)], respectively. Panel (c): a type-one edge
state occurring between bands 1 and 2 (numbered as in the
main text) of a finite Kagome lattice with parallelogram ge-
ometry. Panel (d): a type-two edge state occurring between
bands 2 and 3 of the same lattice of panel (c).

J1/J2 > 1/Jcrit, the bands are characterized by Berry
phases alternating between 1 and −1, in units of 2π. This
implies that the total Berry phase of bands below each
of the five gaps alternates between 1 and 0. In particu-
lar, the Berry phase is equal to 1 for the gaps between
bands −3 and −2, −1 and 1, and 2 and 3. In the rib-
bon configuration [Figs. 3(a)], in these gaps we find edge
states that (i) connect to the neighboring bands and (ii)
change the edge to which they localize depending on the
value of wavevector k. We identify these as type-two edge
states. For J1/J2 � 1 or J1/J2 � 1, low-energy states
between bands 1 and -1 exhibit complete localization at
one of the corners of the lattice and have negligible weight
along the edges, as shown in Fig. 4(e)-(f). On the con-
trary, edge states in gaps between bands −2 and −1, and
1 and 2 always localize to the same edge for J1/J2 < Jcrit
and J1/J2 > 1/Jcrit, and are therefore of type one. For
Jcrit < J1/J2 < 1/Jcrit, the Berry phases of bands 1, 2,
−1 and −2 change sign. In turn, the total Berry phase of
the five gaps alternates between 1 and 2. In this param-
eter range, all states are connected to the neighboring
bands and all are of type two.

This transition is even clearer in finite lattices, shaped
as the parallelogram of Fig. 3(b). For J1/J2 < Jcrit,
we observe that states in the gaps between bands 1 and
2, and −1 and −2, localize towards one of the corners
of the parallelogram [Fig. 4(c)]. On the contrary, for
Jcrit < J1/J2 < 1/Jcrit they wrap all around the perime-
ter of the lattice. We observe that they tend to localize to
either the upper or lower triangles of the Kagome lattice,

(a) (b)

(c) (d)

FIG. 6. Spectrum and eigenstates of the flux configuration
FC3 of Fig. 1(e). Panels (a) and (b): band structures for
a fully-periodic system and a ribbon [Fig. 3(a)] for J1 = 1
and J2 = 0.3, respectively. Panel (c) and (d): evolution of
edge states occurring between bands 0 and 1 (numbered as in
the main text) of a finite Kagome lattice with parallelogram
geometry. The type-one edge state shown in (c) is obtained
for J1 = 1 and J2 = 0.3, while the type-two edge state of
panel (d) occurs for J1 = 1 and J2 = 0.99.

depending which of those is characterized by stronger
bonds (i.e. larger nearest-neighbor coupling). Finally,
edge states between bands 1 and 2, and −1 and −2
become again of type one for J1/J2 > 1/Jcrit, and lo-
calize to the opposite corner of the lattice compared to
the case J1/J2 < Jcrit. Contrary to näıve expectations,
type-one edge states never exhibit complete corner local-
ization, while low-energy type-two ones tend to become
completely localized for J1/J2 � 1 and J1/J2 � 1.

In the configuration FC2, we have three transitions at
J1/J2 = Jcrit ' 0.6, J1/J2 = 1, and J1/J2 = 1/Jcrit, for
a total of four different phases. For J1/J2 < Jcrit and
J1/J2 > 1/Jcrit, neighboring bands have Berry phases
alternating between −1 and 1, in units of 2π. The total
Berry phases of filled bands, at each gap, alternates be-
tween −1 and 0, for J1/J2 < Jcrit, and between 1 and
0, for J1/J2 > 1/Jcrit. In passing the critical points
Jcrit from below, and 1/Jcrit from above, the gap be-
tween the two innermost bands closes and their Berry
phases change in both sign and magnitude, going from
±1 to ∓3. Finally, at J1 = J2 all gaps close and all Berry
phases change sign (but not magnitude).

All of this implies that the total Berry phases of the
gaps between bands −3 and −2, −1 and 1, and 2 and 3
is always non-zero. Therefore, states in those gaps are
always expected to be connected to neighboring bands
(in the ribbon configuration) and to wrap around the en-
tirety of the perimeter of a final lattice. This is indeed
what is observed in Fig. 5(b) and (d). On the contrary
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(a) (b)

(c)

FIG. 7. Spectrum and eigenstates of the flux configuration
FC4 of Fig. 1(f). In all panels J1 = 1 and J2 = 0.3. Panels
(a) and (b): band structures for a fully-periodic system and
a ribbon [Fig. 3(a)], respectively. Panel (c): a type-one edge
state occurring between bands 0 and 1 (numbered as in the
main text) of a finite Kagome lattice with parallelogram ge-
ometry.

the total Berry phase of gaps between bands 1 and 2,
and between −1 and −2 are always zero, and therefore
edge states there are expected to be of type-one charac-
ter. Indeed, Fig. 5(b) shows that such states are isolated
in the gap, i.e. separated from the neighboring bands (as
SSH edge states), while Fig. 5(d) highlights that they lo-
calize towards a corner of the finite lattice. Note again
that type-two edge states tend to localize on either the
upward- or downward-facing triangles, whichever is char-
acterized by the strongest nearest-neighbor couplings.
Finally, we note that as for FC1, low-energy type-two
edge states become strongly localized at one of the cor-
ners of the parallelogram for J1/J2 � 1 and J1/J2 � 1.

B. Configurations 3 and 4

The flux configurations of Fig. 1(c) and (e), which we
name FC3 and FC4, have zero flux threading the unit
cell. Therefore, the band structures of FC3 and FC4
comprise only three bands. As above, we will number
the three bands of each configuration, in this case as
n = −1, 0, 1, in order of increasing energy. The pres-
ence of a dispersive band around zero energy prevents
the localization of edge and corner states a those ener-
gies. Hence, the behavior of ribbons and finite lattices is
different from the one analyzed above.

FC3 [Fig. 1(c)] features phase transitions at J1/J2 =
Jcrit and J1/J2 = 1/Jcrit, where Jcrit ' 0.5 in a pe-
riodic system and Jcrit ' 0.54 for a ribbon. For both
J1/J2 < Jcrit and J1/J2 > 1/Jcrit we find that all Berry

phases are zero, hence the states in the two band gaps
are expected to be of type one. This is confirmed in
Fig. 6(b) and (c), where edge states are observed to be
disconnected from bulk bands (in the ribbon geometry)
and localized towards a corner of the finite lattice. Con-
versely, for Jcrit < J1/J2 < 1/Jcrit the lowermost (upper-
most) band has Berry phase −1 (+1), while the central
one remains trivial. Hence, the total Berry phase of each
gap is finite and states therein are expected to be of type
two. Indeed, this is confirmed by Fig. 6(d), where we see
one of such states that, in a finite lattice, wraps around
the entirety of its perimeter.

Finally, the band gaps of FC4 close [Fig. 1(e)] close
at J1 = J2, but remain trivial all throughout. The edge
states in this case are always of type one, as observed in
Figs. 7(b) and (c).

V. CONCLUSION

In this manuscript we have studied two spin-3/2 mod-
els, defined on Kagome [40] and square [41] lattices, that
support QSL phases at low temperature. As in Kitaev’s
work [5], spins are fractionalized by means of Majorana
operators, in this case six of them. Four of them give rise
to a Z2 gauge potential on top of which the remaining two
“particles” propagate [40, 41]. In the case of the square
lattice, the ground-state Z2 flux configuration is exactly
known thanks to a theorem by Lieb [42], and therefore
this problem can be solved analytically. On the contrary,
since the Kagome lattice is not bipartite, its ground-state
flux configuration is unknown. To obviate this problem,
we have studied the four possible gauge-inequivalent flux
configurations commensurate to the unit cell.

We find that the square-lattice model maps ex-
actly into the SOTI of Ref. 12 and therefore supports
topologically-protected corner states when magnetic cou-
plings are made unequal. Such states are fermions when
both free particles resulting from the spin fractionaliza-
tion are able to localize at the corners. On the contrary,
when only one of the two species can localize, the cor-
ner states are Majorana particles. Notably, in the latter
case such quasiparticles are protected against perturba-
tion that locally mix the two kinds of free Majorana par-
ticles (see App. A). We observe that the ground-state
energy is lowered by making the magnetic couplings un-
equal. Therefore, we speculate that real systems could
undergo lattice distortions in order to lower their mag-
netic energy and simultaneously localize fermionic or Ma-
jorana states at their corners.

In the Kagome lattice, we find a complex phenomenol-
ogy of edge states, that can be classified in two categories.
On the one hand, type-one edge states exhibit a physics
similar to those of the Su-Shrieffer-Heeger model. In fact,
when couplings are made unequal, they localize towards
one of the corners of a finite lattice, or at one end of a
Kagome ribbon. On the contrary, type-two edge states
resemble those of Chern insulators and wrap around the
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(a) (b)

FIG. 8. Energy spectrum of a finite square lattice with 64
lattice sites as a function of J5. In both figures, J1 = 0.3
and J2 = 1. Panel (a): the spectrum of excitations obtained
for J ′1 = J1 and J ′2 = J2. The splitting between fermion zero
modes grows linearly with the inter-species coupling J5. Panel
(b): the spectrum of excitations obtained for J ′1 = J2 and
J ′2 = J1. Majorana corner states are protected and remain at
zero energy up to |J5| ∼ 1.3.

entire perimeter of the finite lattice. Contrary to näıve
expectation, only low-energy type-two edge states exhibit
nearly-complete localization to one of the corners of the
lattice for very different spin couplings.

We conclude by noting that corner Majorana states
have been predicted to occur in a similar spin-3/2 model
defined on a Shastry-Sutherland lattice [37], which ex-
hibits both chiral and gapped QSL phases but the ground
state is not exactly known since Lieb’s theorem does not
apply. On the contrary, the ground state flux config-
uration of the square-lattice model we study is exactly
known. We believe that this fact lends credibility to
the possibility of localizing fermionic or Majorana par-

ticles at corners of QSLs. Furthermore, we hope that the
relative simplicity of the lattices studied here and their
relative abundance in nature will stimulate the search
of material realizations of second-order QSL supporting
topologically-protected corner states.
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Appendix A: Protection of edge states against J5

In this appendix we show that the Majorana corner
states of the square lattice are robust against J5. We
compute the energy spectrum of the square-lattice model
for both particle species as a function of J5. In the case
where J ′1 = J1 = 0.3 and J ′2 = J2 = 1 (fermionic corner
states), we find that the energies of corner states split
away from zero linearly as J5 increases in strength, as
shown in Fig. 8(a). On the contrary, when J ′1 = J2 = 1
and J ′2 = J1 = 0.3 (Majorana corner states), the corner
states remain at zero energy for |J5| . 1.3. We conclude
that on-site mixing of the two species is forbidden for
small-to-moderate inter-species couplings as expected.
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