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New Formulation of the State Space Approach for 

Asymmetrically Supported Laminated Composite Plates 

The 3D state space approach (SSA) allows accurate description of composite 

plate behavior, regardless of plate thickness. A new formulation of the SSA is 

proposed here for the hitherto unexplored case of an asymmetrically supported 

plate. This solution takes into account all independent elastic constants and 

satisfies all governing equations and boundary conditions. The new formulation 

is first derived and then compared to predictions by alternative analytical 

solutions including classical plate theory as well as the finite element method 

(FEM) for a number of case studies. Globally, the SSA solution compared well 

and produced greater accuracy than the FEM model.   

Keywords: Plate theories; Analytical solution; State space approach; Finite 

element method; Composite plate. 

Background 

Plate theories can be roughly classified as Two-Dimensional (2D) theories and Three-

Dimensional (3D) approaches. In regards to 2D plate theories, the following are 

commonly used: Classical Plate Theory (CPT), First-order Shear Deformation Theory 

(FSDT) and Higher-order Shear Deformation Theories (HSDT). 2D plate theories are 

derived from 3D elasticity formulation theory by making appropriate assumptions to 

reduce the 3D to a 2D problem 1. For laminated structures, the deformations are 

assumed to be continuous functions of the thickness coordinate. As a result of that, even 

though the resultant transverse strains could be continuous, the inter-laminar stresses in 

2D plate theories are discontinuous between adjacent layers at the interface of dissimilar 

materials 2. 

CPT represents the first and simplest plate theory and was originally proposed 

by Love 3 and Kirchhoff 4. The Love-Kirchhoff plate theory is an extension of the 

classic Euler–Bernoulli beam theory to 2D plate structures, that is, the Love-Kirchhoff 



 

 

plate hypothesis is a generalization of the plane section assumption in the beam theory. 

It assumes that, firstly, the normal to the plate remains normal to the deformed plate and 

the normal undergoes no extension or shortening. Consequently, transverse shear strains 

γxz, γyz, and the normal strain in the z-direction εz disappear. In spite of its incompatible 

assumptions and hence inaccurate results, CPT is widely used as a basic analysis 

method for the composite plate. It gives quick predictions for the behavior of thin plates 

and estimates the global response approximately such as gross deflection, bending 

stresses and buckling models 2. In order to increase the accuracy of the CPT, another 2D 

plate theory was proposed by Reissner 5. Reissner’s theory is based on modelling the 

plate structure as two-dimensional structures with an assumption of the stress variation 

through the thickness of the plate. The theory takes into account the shear deformation 

and the transverse normal stresses. It is considered a stress-based shear deformable plate 

theory. Reissner’s theory (including a similar version by Mindlin 6) is referred to as the 

First-order Shear Deformation Theory (FSDT) as it proposes a linear variation of the 

displacements through the plate thickness 7. The most important feature of the plate 

theories in regard to shear deformation is that they can be used to analyze both thin and 

medium thickness plates (i.e., a thickness-to-width ratio up to 0.2) 8.  

The FSDT extends the kinematics of the CPT by including a gross transverse 

shear deformation in its kinematics assumptions, the transverse shear strain is assumed 

to be constant through the thickness and it follows that the transverse shear stress will 

also be constant. To adjust the transverse shear stiffness, shear correction factors are 

required due to a constant shear strain distribution across the plate thickness resulting 

from the linear interpolation of the displacement field in the direction of the plate 

thickness 9 and are dependent on the plate geometric parameters and loading and 



 

 

boundary conditions 1. The accuracy of this method is sensitive to the shear correction 

factor 2.  

In order to analyze and calculate the transverse stresses accurately and to 

consider other more complex boundary conditions, Second-order and Higher-order 

Shear Deformation Theories (HSDT) are introduced. The Second-order and HSDT are 

based on the same assumptions as CPT and FSDT, except that HSDT considers higher-

order polynomials in the expansion of the displacement component through the 

thickness of the plate. Levinson 10 proposed a Third-order Shear Deformation Theory 

for isotropic plates of uniform thickness and it was found there was no need to use the 

shear correction factor in this theory. In addition, these theories are seen to provide a 

better approximation than the results obtained from FSDT and can give more accurate 

inter-laminar stress distribution. However, they involve higher-order stress resultants 

that are difficult to understand physically and require much more computational effort 1. 

Moreover, the HSDT does not guarantee inter-laminar continuity 11. Therefore, such 

theories should be used only when necessary. 

Carrera 12 proposed a new class of higher-order theory known as the Carrera 

Unified Formulation (CUF) which can be implemented within FEM. This formulation 

has been applied to layered beams and plates across a wide range of length-to-depth 

ratios. Due to the CUF’s ability to choose the expansion functions and their order 

arbitrarily, models can be implemented without the need for formal changes in the 

problem equations and matrices 13. To date, the CUF has been expanded to deal with 

various engineering problems, such as micromechanics, nonlinear problems, 

hygrothermal analysis, and multi-field problems 14. 

Filippi and Carrera 15 explored the capabilities of higher-order zigzag theories 

developed within the context of the CUF for static stress analysis as well as free and 



 

 

forced vibration analyses of laminated structures. The predicted out-of-plane 

displacements were compared with those from linear and quadratic expansions and 

those of Surana and Nguyen 16, the % difference between the results was reported to be 

less than 0.5%. Also, the axial stress (σy) and transverse shear stress (τyz) distributions 

were calculated. For σy, the results strongly agreed with the elasticity solution. 

However, some inconsistencies between the different models in the τyz profiles were 

reported. The linear model provided a constant stress distribution within each layer, 

while the quadratic model determined a piecewise linear profile that closely matched 

the reference solution. Recently, vibration and buckling of thin-walled beams under 

compressive loads was studied by 17 using a FEM approach incorporating the CUF 13. 

The results were compared with existing experimental results, analytical solutions using 

low- to higher-order Taylor and Lagrange polynomials and alternative numerical 

models using shell elements. The reference found that the results match reasonably well 

with the experiments and numerical results. 

2D plate theories provide an accurate description of global response for thin to 

moderately thick plates (thickness-to-width ratio up to 0.2) 8. Furthermore, the 2D 

models often inaccurately describe the state of stress and strain at the ply level near 

geometric and material discontinuities or near regions of intense loading. In such cases, 

to overcome the limitations of the 2D solutions for plates, 3D theories which take into 

account the constitutive equations of linear 3D elasticity, the kinematic equations and 

the stress equilibrium equations are required 1. 3D solutions provide detailed insights 

into global and local responses of plates and give accurate estimates of the mechanical 

behavior 2. For a better understanding of 3D plate theory, two approaches will be 

explored in this review: the first one is Pagano’s approach and the second one is the 

State Space Approach (SSA). 



 

 

Pagano’s approach 

This approach was developed by Pagano in 1969 18 and transfers the three-dimensional 

partial differential equations to a set of ordinary differential equations with respect to 

the thickness coordinate. The ordinary differential equations are then solved 

analytically. Pagano studied the plane strain problem of isotropic and orthotropic 

laminates under cylindrical bending. For cylindrical bending, the boundary conditions 

and the load can vary only in the x-direction, as the y-direction is assumed to be infinite 

19-20. As this did not include the normal transverse stress in the equilibrium equation, the 

solution was considered to be a quasi-3D solution. When Pagano compared results with 

that from CPT, it was found the CPT solution for stresses and displacements converged 

to the quasi-3D solution as span-to-depth ratio increased and the laminates became 

thinner and thinner. This approach was extended to the 3D structural behavior of 

rectangular bidirectional composites and sandwich plates 21. 

In Pagano 21, the in- and out-of-plane displacements U, V and W are defined by a 

Fourier series and the accuracy of the solution depends on the number of Fourier series 

terms (m and n). To obtain a 3D solution for a singly-ply orthotropic plate with four 

simply supported edges, a sixth-order differential equation governing the out-of-plane 

displacement Wmn was firstly obtained by Wu 22: 

∂6Wmn

∂z6 + A
∂4Wmn

∂z4 + B
∂2Wmn

∂z2  + CWmn = 0 (1) 

Where A, B and C are constants that can be determined by the number of Fourier 

series terms (m and n) and the material properties of the plate 2. 

State Space Approach (SSA) 

The SSA is a 3D plate theory that describes the state of the system at a given time or 

point in space 23. The term ‘state space’ derives from the linear control system where 



 

 

the principal concern is the relationship between inputs (or source) and outputs (or 

responses) 24.  

The SSA provides theoretically accurate three-dimensional solutions that 

guarantee continuous transverse stress distributions through the thickness of the plates. 

Also, the boundary conditions and the continuity at the interfaces are satisfied. 

Additionally, the SSA can describe the full range of structural behavior for various 

thicknesses from thin to very thick plates 23. 

The SSA considers all displacement and transverse stress components as the 

primary state variables simultaneously. The boundary conditions on the top and the 

bottom surfaces are directly related to them. Initially, the approach originated from 

Vlasov 25, who stated a state variable equation for the solution of 3D elasticity by using 

the method of initial functions. Later, it was applied by Bahar 26 as a state space setting 

for homogeneous and isotropic plates. As one of the pioneering researchers in 3D 

elastic theory, Wu 22 introduced the SSA to a 3D thick plate analysis. Fan and Ye 27 

presented a theoretically exact solution based on the SSA for statics and dynamics of 

orthotropic thick plates with simply-supported edges. All fundamental equations of 

three-dimensional elasticity were theoretically exactly satisfied and the nine elastic 

constants for orthotropic materials were considered. In addition, the approach extended 

by Fan and Ye can be applied to the buckling of a thick orthotropic plate. Similarly, Wu 

and Wardenier 28 achieved a theoretically exact 3D elasticity solution for simply-

supported thick, orthotropic and rectangular plates subjected to arbitrary loading. In 

comparison with the fourth-order differential equation that is used in CPT, Kamis 29 

presented all possible analytical solutions for the sixth-order differential equation 

governing the transverse displacement in Eq. (1).  



 

 

For 3D analysis of laminated plates, after introducing the boundary conditions, 

the displacements and the transverse stresses at the top or bottom surfaces of the plate 

(termed as the initial state of the system) are determined. Then, any displacements and 

transverse stresses through the thickness of the plate are found by the state transferring 

approach adopted in linear control systems. Once the displacements and the transverse 

stresses are found, the in-plane stresses can be calculated directly. For a homogeneous 

anisotropic plate, the three-dimensional equations can be represented by a system with 

partial differential equations 24 of 

∂

∂z
{F}= G {F}+{B} (2) 

Herein, {F} = U V σz τxz τyz W]T is called the state vector of the plate; [G] is 

named as the system state matrix whose elements are functions of material and 

geometric constants of the plate and also partial differential operators with respect to the 

other two in-plane coordinates; and {B} is a vector associated with initial stresses, 

strains, etc. 

In 2017, Albostami et al. 30 carried out an analytical investigation for a simply-

supported rectangular plate with two different loading conditions using SSA. In this 

study, the effect of the plate thickness on displacements and stresses were determined 

quantitatively. Additionally, both the SSA and the FEM were used for the comparison 

of structural behavior of symmetrically simply-supported orthotropic composite plates 

under different types of loading. For the same boundary condition as reference 30, 

Ewolo et al. 31 used the SSA with a fourth-order approach and studied the static 

behavior and the free vibration of a multilayered plate. The results were compared with 

different approaches such as FEM and a Layerwise method. 

Kamis 29 investigated the structural behavior of Fiber-Reinforced Polymer (FRP) 

laminated composites by using the SSA. The investigation focused on the performance 



 

 

of a laminated rectangular plate of length a and width b subjected to different loading 

conditions with fully fixed edges, as shown in Figure 1. 

The 3D SSA solution was derived and the transfer matrix and the recursive 

solutions were used to produce the analytical solution. A solution for this particular 

boundary condition was arrived at by applying traction to simply supported edges (as a 

proxy for the fixed edges) by the superposition principle for the in-plane displacements 

(U and V), as shown in equations (3) and (4): 

U = U +  fu(x,y,z)  = U + f1(x)U(0)(y,z) + f2(x)U(a)(y,z)  (3) 

V = V + fv(x,y,z)  = V + g1(y)V(0)(x,z) + g2(y)V(b)(x,z) (4) 

Where U and V are the in-plane displacements for the corresponding simply 

supported plate, and fu(x,y,z) and fv(x,y,z) can be assumed to be any functions that can 

satisfy the boundary conditions at fixed edges. In Kamis 29, these functions are assumed 

to be linear, as per equations (5) and (6): 

 f1(x) = 1-
x

a
  and  f2(x) = x

a
  (5) 

 g1(y) = 1-
y

b
  and  g2(y) = y

b
   (6) 

This work can be used as a benchmark for further investigation with similar 

boundary conditions. Recently, using different boundary conditions and a different 

material type, reference 2 extended the SSA to the theoretically exact analysis of thick 

piezoelectric laminates in the application of a Micro-Electro-Mechanical-System 

(MEMS) with two simply-supported sides and two free edges, as shown in Figure 2. 

Reference 2 followed the same procedure as that used in reference 29 to solve the 

boundary condition problem. To obtain a solution for this particular boundary 

condition, applying traction to the edges of simple supports by the superposition 



 

 

principle for the in-plane displacements (U and V) to consider the free edges, as shown 

in equations (7) and (8): 

U = U +  fu(x,y,z)  = U + f1(y)U(0)(x,z) + f2(y)U(a)(x,z)  = U + f1(y)αV(0)(x,z) + f2(y)αV(b)(x,z) (7) 

V = V + fv(x,y,z)  = V + g1(y)V(0)(x,z) + g2(y)V(b)(x,z) (8) 

Where  = ∂

∂x
 , U and V are the in-plane displacements, and fu(x,y,z) and fv(x,y,z) 

can be assumed to be any functions that can satisfy the free boundary conditions. And 

for this, reference 2 assumed these functions as per equations (9) and (10): 

 f1(y) = b

2
(1-

y
b

)2 and  f2(y) = - b

2
(

y
b

)2  (9) 

 g1(y) = 1-
y

b
 and g2(y) = y

b
  (10) 

All the aforementioned studies have focused on symmetrically simply supported 

plates. Khezri et al. 32 proposed a hybrid method that combines the SSA and a 

generalized Reproducing Kernel Particle Method (RKPM) for three-dimensional 

analysis of thick laminated composite plates for different boundary conditions. These 

boundary conditions comprised fully simply supported edges, fully fixed edges and one 

fixed with 3 simply supported edges. The obtained results were compared with existing 

analytical and FEM results and the proposed method results show good agreement with 

the FEM results. Also, the proposed method can be applied in buckling analysis of 

laminated plates and analysis of piezoelectric laminated plates. 

Table 1 summarizes the different boundary conditions (BCs) that have been 

formulated in the SSA by previous researchers to date. In the present paper, the SSA 

will be adopted and used to formulate the solution for a new boundary condition that 

has not been previously derived.  

 



 

 

New Analytical Solutions by Using the SSA 

In the review of the existing research discussed in the previous section, it was explained 

that different boundary conditions using the SSA have been studied by different 

researchers. In this section, a novel analytical solution by using the SSA for an 

orthotropic plate with three sides simply-supported and one free edge will be described. 

This represents the first time this common boundary condition has been formulated in 

the SSA. In reality, this type of boundary condition may occur in slabs supported by 

walls or beams on three edges and spanning an opening on one edge or by walls subject 

to out-of-plane wind loading etc. In this section, the SSA together with a state transfer 

matrix using a programming code developed within MATHEMATICA 33 will be 

presented to investigate general homogenous orthotropic composite plate behavior with 

the new boundary condition. All detailed information surrounding the formulation for 

the new boundary condition will be discussed.  

The objective of this section is to develop and determine a theoretical solution 

satisfying the new boundary condition by analytical analysis.  

Formulation of the equation 

In the SSA solution, the displacements of a rectangular laminated plate are determined 

by setting a general expression for the displacement field according to the boundary and 

loading conditions. Then, the displacement field is introduced to the equations of 

equilibrium which are then solved. Consider a homogenous orthotropic plate of length 

a, width b and uniform thickness h, the boundary conditions for three sides of the plate 

are simply supported and one side is free, as shown in Figure 3, then the following 

boundary condition shown in equation (11) should be satisfied: 

 



 

 

σy = U = W = 0 

σx = V = W = 0 

σx = τxy = τxz = 0 

at y = 0 and b 

at x = 0 

at x = a 

(11) 

In order to satisfy the boundary condition for a free edge at x = a, the in- and 

out-of-plane displacements have to be treated in such a way as to satisfy the free edge 

condition. The treatment considers the combination of the bending of a simply 

supported edge subjected to external transverse load and in-plane normal tractions along 

x = a. This traction causes in-plane displacements of the simply supported edges to be 

equal to zero. This may have implications for deep plates where a degree of moment 

resistance could be developed at the plate edge. To consider this, functions u(a) and 

w(a) along the free edge will be added and the displacement functions of the plate are 

assumed as shown in equations (12), (13) and (14): 

U = U+ f1(x)u(a) (12)

V = V+ f2(x)βu(a) (13)

W = W+ f3(x)w(a) (14)

Where β = ∂

∂y
. In order to satisfy the boundary conditions specified in equation 

(11), the following six state variables of the state vector can be expressed by Fourier 

series: 

U(x,y,z) = Umn z cos ζx sin ηy
n=1m=1

 

(15)

V(x,y,z) = Vmn z sin ζx cos ηy
n=1m=1

 

W(x,y,z) = Wmn z sin ζx sin ηy
n=1m=1

 

τxz(x,y,z) = Xmn z cos ζx sin ηy
n=1m=1

 



 

 

τyz(x,y,z) = Ymn z sin ζx cos ηy
n=1m=1

 

σz(x,y,z) = Zmn z sin ζx sin ηy
n=1m=1

 

 

Here 𝜁 = mπ

a
 and 𝜂 = nπ

b
 where m and n are the number of loops of the analytical 

solution (Number of Fourier series terms) in the x and y directions respectively. 

Also, from equation (15), the out-of-plane stress τxz when x=a should be equal to zero. 

To satisfy that, τxz will be as the following equation (16): 

τxz = τxz + f4(x)τ(a) (16)

From the above equations, u(a), w(a)and τ(a) are the unknown functions that can 

be determined and they have the following forms as shown in equation (17): 

u(a)(y, z) = un
(a) z sin ηy

n

 

w(a)(y, z) = wn
(a) z sin ηy

n

 

τ(a)(y, z) = τn
(a) z sin ηy

n

 

(17)

Also, the three in-plane stresses in the x-y plane can be calculated as shown in 

equation (18):  

σx

σy

τxy

⎣
⎢
⎢
⎢
⎢
⎢
⎡C2

∂

∂x
C3

∂

∂y
-C1 0 0 0

C3
∂

∂x
C4

∂

∂y
-C5 0 0 0

C6
∂

∂y
C6

∂

∂x
0 0 0 0

⎦
⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎪
⎨

⎪
⎪
⎧

U

V

σz

τxz

τyz

W⎭
⎪
⎪
⎬

⎪
⎪
⎫

 
(18)

From equation (18), the in-plane stresses are shown in equations (19), (20) and 

(21): 



 

 

σx = C2
∂U

∂x
 + C3

∂V

∂y
 – C1σz 

σx = - C2ζ∑ ∑ Umn z sin ζx sin ηyn=1m=1 - C3η∑ ∑ Vmn z sin ζx sin ηyn=1m=1 - 

C1∑ ∑ Zmn z sin ζx sin ηyn=1m=1 + 

C2f
1
 '(x) ∑ un

(a) z sin ηyn -C3η2f
2
(x) ∑ un

(a) z sin ηyn  

(19)

σy = C3
∂U

∂x
 + C4

∂V

∂y
 – C5σz 

σy = - C3ζ∑ ∑ Umn z sin ζx sin ηyn=1m=1 - C4η∑ ∑ Vmn z sin ζx sin ηyn=1m=1 -

C5∑ ∑ Zmn z sin ζx sin ηyn=1m=1  +  

C3 f
1
 '(x) ∑ un

(a) z sin ηyn  - C4η2f
2
(x) ∑ un

(a) z sin ηyn  

(20)

τxy = C6
∂U

∂y
 + C6

∂V

∂x
 

τxy = -C6η∑ ∑ Umn z cos ζx cos ηyn=1m=1 +C6ζ∑ ∑ Vmn z cos ζx cos ηyn=1m=1 + 

C6ηf1(x) ∑ un
(a) z cos ηyn +C6ηf2

 '(x) ∑ un
(a) z cos ηyn  

 

(21)

To find the functions f1(x), f2(x), f3(x) and f4(x), equation (11) needs to be 

satisfied, so from this equation, at the simply supported edges, the values of σx = V = W 

= 0 at x=0 and σy, U and W at y=0, b are equal to zero. Also, at the free edge, the values 

of σx, τxy and τxz are equal to zero. 

Boundary condition equations 

The following procedures will show the determination of the functions. 

When y = 0 and b  

σy = [-C3ζ∑ ∑ Umn z sin ζxn=1m=1 - C4η∑ ∑ Vmn z sin ζxn=1m=1  – 

C5∑ ∑ Zmn z sin ζxn=1m=1 + C3f1
 '(x) ∑ un

(a) zn -C4η2f2(x) ∑ un
(a) zn  ] sin(0)= 0 

U = U+ f1(x)u(a) 

U = ∑ ∑ Umn z cos ζx sin ηyn=1m=1  + f1(x) ∑ un
(a) zn sin ηy  

U = [∑ ∑ Umn z cos ζxn=1m=1  + f1(x) ∑ un
(a) zn ] sin 0  = 0 



 

 

W = W+ f3(x)w(a) 

W = ∑ ∑ Wmn z sin ζx sin ηyn=1m=1  + f3(x) ∑ wn
(a) zn sin ηy  

W = [∑ ∑ Wmn z sin ζxn=1m=1  + f3(x) ∑ wn
(a) zn ] sin 0  = 0 

When x = 0 

σx = [-C2ζ∑ ∑ Umn z sin ηyn=1m=1 - C3η∑ ∑ Vmn z sin ηyn=1m=1 -

C1∑ ∑ Zmn z sin ηyn=1m=1 ]sin 0 + [C2f1
 '(x 0) ∑ un

(a) zn -C3η2f2(x 0) ∑ un
(a) zn ] sin ηy  = 0 

[C2f1
 '(x=0) ∑ un

(a) zn -C3η2f2(x=0) ∑ un
(a) zn ] sin ηy  = 0 (22)

V = V+ f2(x)βu(a) 

V = ∑ ∑ Vmn z sin ζx cos ηyn=1m=1  + f2(x)η∑ un
(a) zn cos ηy  

V = ∑ ∑ Vmn z sin (0)n=1m=1  + f2(x 0) η∑ un
(a) zn cos ηy = 0 

f2(x=0) ∑ un
(a) zn cos ηy = 0 (23)

W = W+ f3(x)w(a) 

W = ∑ ∑ Wmn z sin ζx sin ηyn=1m=1  + f3(x) ∑ wn
(a) zn sin ηy  

W = ∑ ∑ Wmn z sin 0 sin ηyn=1m=1  + f3(x 0) ∑ wn
(a) zn sin ηy = 0 

f3(x=0) ∑ wn
(a) zn sin ηy = 0 (24)

When x = a, σx = 0 leads 

[-C2ζ∑ ∑ Umn z sin ηyn=1m=1 - C3η∑ ∑ Vmn z sin ηyn=1m=1 -C1

∑ ∑ Zmn z sin ηyn=1m=1 ]sin mπ + [C2f1
 '(x a) ∑ un

(a) zn -C3η2f2(x a) ∑ un
(a) zn ] 

sin ηy  = 0 

[C2f1
 '(x=a) ∑ un

(a) zn - C3η2f2(x=a) ∑ un
(a) zn ] sin ηy  = 0, (25)

τxy = 𝐶6η∑ ∑ Umn z cos ζx cos ηyn=1m=1 + C6ζ∑ ∑ Vmn z cos ζx cos ηyn=1m=1 + 

C6ηf1(x a) ∑ un
(a) z cos ηyn +C6ηf2

 '(x a) ∑ un
(a) z cos ηyn  = 0 



 

 

τxy =  η∑ ∑ Umn z cos mπn=1m=1 + ζ∑ ∑ Vmn z cos mπn=1m=1 + 

ηf1(x a) ∑ un
(a) zn +ηf2

 '(x a) ∑ un
(a) zn C6cos ηy = 0 

 

(η∑ ∑ Umn zn=1m=1 + ζ∑ ∑ Vmn z (-1)
m

n=1m=1 + 

(f1(x=a) ∑ un
(a) zn +f2

 '(x=a) ∑ un
(a) z )n η]C6cos ηy = 0 

(26)

τxz= ∑ ∑ Xmn z cos ζx sin ηyn=1m=1  + f4(x) ∑ τn
(a) zn sin ηy  = 0 

∑ ∑ Xmn z (-1)
m

n=1m=1  + f4(x=a) ∑ τn
(a) zn sin ηy  = 0 (27)

From equations (22) to (27), the summarized equations can be written as the 

following: 

f2(x=0) = 0 (28)

C2f1
 '(x=0) - C3η2f2(x=0) = 0; →   f1

'(x=0) = 0 (29)

f3(x=0) = 0 (30)

C2f1
 '(x=a) - C3η2f2(x=a) = 0 (31)

((η∑ ∑ Umn zn=1m=1 + ζ∑ ∑ Vmn z (-1)
m

)n=1m=1  + (f1(x=a) + f2
 '(x=a) ∑ un

(a) zn η = 0 (32)

∑ ∑ Xmn z (-1)
m

n=1m=1 f
4
(x=a) ∑ τn

(a) zn = 0 (33)

To satisfy all the conditions in equations (28) to (33), the following functions are 

chosen: 

f1(x) =
C3η2

C2

a

2
(ae(x/a)- x) 

(34)

f2(x) = 
a

2
(e(x/a) - 1) (35)

f3(x) = e(x/a) - 1 (36)

For f4(x), when x = a,  f4(x) should be equal to zero, but when x = 0,  f4(x) ≠ 0. 



 

 

f4(x) = 1 - 
x

a
 (37)

Also, the unknown functions can be calculated as the following equations (37), 

(38) and (39): 

un
(a) z  = 

(η∑ ∑ Umn zn=1m=1  + ζ∑ ∑ Vmn z ) (-1)m)n=1m=1

(f1 x=a +f2 x=a )η

(38)

wn
(a) z  = Wmn z  (39)

τn
(a) z  = Xmn z  (40)

After finding all the functions, the following displacements (equations (41) to 

(44)) can be found: 

U = ∑ ∑ Umn z cos ζx sin ηyn=1m=1  + 
C3η2

C2

a

2
(ae(x/a)-x) ∑ un

(a) zn sin ηy  (41)

V = ∑ ∑ Vmn z sin ζx cos ηyn=1m=1  +
a

2
(e(x/a)-1) η∑ un

(a) zn cos ηy  (42)

W = ∑ ∑ Wmn z sin ζx sin ηyn=1m=1  + (e(x/a)-1) ∑ wn
(a) zn sin ηy  (43)

τxz = ∑ ∑ Xmn z cos ζx sin ηyn=1m=1  + (1 -
x

a
) ∑ τn

(a) zn sin ηy  (44)

Once the displacements are found, the in-plane and out-of-plane stresses can be 

calculated. 

Solution of the equation 

After satisfying all the boundary conditions, the governing equation (equation (45)) 

needs to be satisfied as to the following: 

∂

∂z

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧U

V

Z

X

Y

W⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 C8 0 -α

0 0 0 0 C9 -β

0 0 0 -α -β 0

-C2α2-C6β
2 -(C3+C6)αβ C1α 0 0 0

-(C3+C6)αβ -C6α2-C4β
2 C5β 0 0 0

C1α C5β C7 0 0 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧Umn z cos ζx sin ηy

Vmn z sin ζx cos ηy

Zmn z sin ζx sin ηy

Xmn z cos ζx sin ηy

Ymn z sin ζx cos ηy

Wmn z sin ζx sin ηy ⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

+ 

(45)



 

 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ - 

∂u(a)

∂z
f1(x) + C8f4(x)τ(a)- f3

 '(x)w(a)

-
∂[βu(a)]

∂z
f2(x) - f3(x)βw(a)

- f4
 '(x)τ(a)

(-C2α2-C6 β
2 f1(x)u(a)- (C3+C6)f2(x)β2u(a)-

∂τ(a)

∂z
f4(x)

- (C3+C6)f1
 '(x)βu(a)+ (-C6α2-C4β

2)f2(x)βu(a)

C1f1
 '(x)u(a) + C5 f2(x)β2u

(a)
-

∂w(a)

∂z
f3(x) ⎭

⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎫

 

The above expression in equation (45) can be simplified as equation (46): 

The following first-order non-homogeneous ordinary differential equation of jth 

can be determined for each combination of m and n as shown in equation (47): 

d

dz
{Rmn(z)}j=Dj {Rmn(z)}j+ {Bmn(z)}j (47)

where 

{Rmn(z)}j= 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧Umn z

Vmn z

Zmn(z)

Xmn(z)

Ymn(z)

Wmn(z)⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

j

; 𝐷j = 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 0 C8 0 -ζ

0 0 0 0 C9 -η

0 0 0 ζ η 0

C2ζ 
2+C6η

2 (C3+C6)ζη C1ζ 0 0 0

(C3+C6)ζη C6ζ 
2+C4η

2 C5η 0 0 0

-C1ζ -C5η C7 0 0 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

After solving all the above displacements and out-of-plane stresses, the in-plane 

stresses can be solved. 

Once all the in- and out-of-plane displacements and stresses have been derived 

and solved by using the SSA, the results will be compared with different existing 

approaches.  

∂

∂z

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧U

V

Z

X

Y

W⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

= G .

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧U

V

Z

X

Y

W⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

+ B (46)



 

 

Case Study for the new SSA Analytical Solutions  

In this section, two case studies will be explored. The first one is a symmetric two 

cross-ply plate and the new SSA analytical results will be compared with different 

existing analytical solutions and FEM results. The existing analytical approaches are 

those explored by reference 1 i.e., Classical Laminated Plate Theory (CLPT), First-

Shear Deformation Theory (FSDT) and Higher-Shear Deformation Theory (HSDT). 

The second study is a symmetrical three cross-plies plate, and the focused plate will be 

compared with a FEM model. 

Case Study 1: Symmetric two cross-plies plate  

The focused-on panel has the same geometry as that examined analytically by 

reference1 as shown in Figure 4. The panel or plate is symmetrical with two plies of 

alternate orientation, i.e. [0/90]°, as shown in Figure 4. The in-plane dimensions of the 

plate are a = b = 100 mm and h/a is equal to 0.2. Here, a is the length of the plate along 

the x-axis, b is the dimension of the plate along the y-axis and h is the total thickness of 

the plate (z-axis), as shown in Figure 4. The set of elastic material parameters used for 

the plies is given as shown in Table 2, as per reference 1. 

Three sides of the plate are simply supported and there is one free edge, as per 

reference 1, and the load on the top surface of the panel is a sinusoidal load, as shown in 

Figure 4. 

Comparison with existing analytical solutions 

Table 3 shows the dimensionless results from the different analytical approaches for the 

out-of-plane displacement w and the in-plane stresses σx and σy of the symmetric cross-

ply for a = b and h/a = 0.2. The values in Table 3 for the out-of-plane displacement w 

and in-plane stress σx is at the top of the plate, and for the in-plane stress σy, the resultant 



 

 

values are at the bottom of the plate, as per reference 1. 

For w, σx and σy, the SSA results show good agreement with the existing 2D 

approaches, although, for w, the SSA shows higher values than the 2D approaches and 

the result is closer to the FSDT with a 7.5% relative error. Also, for the σx result, the 

SSA is closer to the CLPT with a 4.6% relative error. But, for the σy result, the SSA is 

closer to HSDT with a 3.5% relative error. 

FEM results 

In addition to the SSA method and other analytical solutions previously discussed, a 

simulation of the symmetric cross-ply plate using the commercially available finite 

element program ABAQUS 34 is now presented. This section aims to compare the FEM 

results with the SSA results to provide more context for the SSA’s capability in this 

application. The FEM modelling approach in all presented case studies was based upon 

a previous numerical study by the authors 35, this informed the choice of element type 

for the laminae and adhesive components. In the FEM model, 3D 20-node linear brick 

elements (C3D20) with 8-node 3D cohesive elements (COH3D8) 34 between each 

symmetric cross-ply will be used, as shown in Figure 5. The cohesive elements simulate 

adhesive bond between laminae and have linear elastic material properties as given in 

reference 36. In terms of the mesh size, elements with a leading dimension of 0.125 mm 

were adopted based on a prior conducted mesh sensitivity study. 

For the FEM results for the 2nd ply (90°), ABAQUS shows the results related to 

the local coordinate of each ply, as shown in Figure 6.  

In Figure 7 and Table 3, the FEM results are compared with the SSA and the 

other analytical results. The FEM results compare well with the SSA and the other 

analytical solutions and show the closest results to the SSA with a 4% relative error for 

the out-of-plane displacement w, 2% for σx and 0.5% for σy. Hence, to make a 



 

 

comparison with the SSA and the other analytical approaches, the FEM results for the 

second ply (90°) should be transferred to global coordinates and then the stress 

distribution can be drawn, as shown in Figure 8. From this figure, it can be observed 

that both solutions show very similar stress distributions, however, differences occur 

due to the underlying assumptions in the models. While the FEM model accounts for 

the stiffness of the adhesive layer, the SSA model adopts a simplified full bond 

assumption between the laminae. The figure does however show the capability of the 

SSA and FEM to capture the in-plane stress σx through the thickness of the symmetric 

cross-ply plate. 

Case Study 2: Symmetrical three cross-plies plate 

In this section, a symmetrical plate of three cross-plies with alternate grain orientation, 

i.e. [0/90/0]° as shown in Figure 9 under out-of-plane sinusoidal load of maximum 

magnitude of 1 MPa is explored using both the SSA and the FEM. As for the sinusoidal 

load, m and n in the SSA solution are equal to 1. This plate has the same geometry and 

material properties as that examined analytically by reference 30 30 30 30 30 30 30 30.  

Each ply has a thickness of 30 mm so the total thickness is 90 mm. The in-plane 

dimensions of the ply are a = b = 360 mm and h/a is equal to 0.25. Here a is the length 

of the plate along the x-axis, b is the dimension of the plate along y-axis and h is the 

total thickness of the plate (z-axis) as shown in Figure 9. 

The set of elastic material parameters used for the plies is given in Table 5, as 

per reference 37. 

The panel has three sides simply supported at x=0, y =0 and b and a free edge at 

x=a (as shown in Figure 9) and the load on the top surface of the panel is a sinusoidal 

load with a maximum magnitude of 1 MPa (q(x,y) = q0 sin πx a⁄ sin πy b⁄  where q0= 

1 MPa), as shown in Figure 9. 



 

 

The FEM models will adopt the same element type, mesh density and layer 

approach (i.e., cohesive element layer between the plies) as the models in case study 1.  

Figure 10 shows the comparison between the SSA and the FEM results for all 

the in- and out-of-plane displacements and stresses for the 3-ply plate under the 

sinusoidal load. In general, the SSA gives higher values than the FEM for all the 

displacements and the stresses however the results are very comparable to each other 

and less than 10% relative error. From the same figure, the FEM shows discontinuity in 

the transverse shear stresses τxz and τyz between the plies. On the other hand, the SSA 

shows the continuity of the transverse shear stresses between the plies. As discussed in 

the first case study, given the underlying assumptions in both approaches, the 

differences between the FE results and those from the SSA are as expected. 

Concluding remarks 

A new analytical solution using the SSA for a layered composite plate with three sides 

simply supported and a free edge is derived and explored taking into account all the 

independent elastic constants and satisfying all the governing and boundary condition 

equations. The new solution guarantees the continuity conditions of all interlaminar 

stresses across interfaces between different layers and traction-free boundary conditions 

at the free edges. One of the limitations of the FEM is that it cannot capture this 

continuity for the interlaminar stresses through the thickness of the plate. 

The different analytical solutions such as Classical Plate Theory (CLPT), First-

order Shear Deformation Theory (FSDT) and Higher-order Shear Deformation Theory 

(HSDT) along with the FEM were compared with the new analytical solution by the 

SSA, and the results were comparable and gave good agreement with relative errors less 

than 10%.  



 

 

A limitation of the present SSA solution is that the effect of the adhesive bond 

between the laminae of the plate is not accounted for. This will contribute to the 

observed relative error between the SSA and the FEM results. Evolution of the SSA 

formulation to account for adhesive bond forms part of the authors’ ongoing work. 

Additionally, future work can also explore comparison of the SSA performance with 

that from a model implementing the Carrera Unified Formulation (CUF) as described in 

the background discussion of this paper.   

Furthermore, given the capability of the SSA method to capture the stress state 

in plates irrespective of the span to thickness ratio, the present work can be extended to 

more complex plate forms including weave plates and multi-layered plates.  
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Notation and abbreviations list 

2D Two-Dimensional 
3D Three-Dimensional 
BCs Boundary Conditions 
CLPT Classical Laminated Plate Theory 
CPT  Classical Plate Theory 
CUF Carrera Unified Formulation 
ESL Equivalent Single Layer 
FE Finite Element 
FEM Finite Element Method 
FSDT First-order Shear Deformation Theory 
FRP Fibre-Reinforced Polymer 
HSDT Higher-order Shear Deformation Theories 
MEMS Micro-Electro-Mechanical-System 



 

 

RKPM Reproducing Kernel Particle Method 
SSA State Space Approach 
a Length 
A, B, C Constants 
b  Width 
{B} Vector associated with initial stresses, strains and temperatures 
C Elastic constant  
[Dmn] System matrix with the number of Fourier series terms 
E1,2,3 Young’s Moduli 
EIeff Effective bending stiffness of the initial cross-section   
Fmn State vector 
fu and fv Assumed functions satisfying the boundary conditions 

G Shear Moduli 
[G] System state matrix 
h Thickness of plate 
h/b Thickness-to-width ratio 
K Composition factor 
m, n Number of Fourier series terms 
qo Load intensity 
U, V, W Displacement components  

u(a), w(a) and τ(a) Unknown functions 

x, y, z Cartesian coordinate system 
γ Shear strain 
ε Strain vector 
v Poisson's ratio 
σ Stress vector 
τ Shear stress 
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Tables 

Table 1. Summary of different boundary conditions that have been covered using SSA. 

References BCs formulated in SSA 

Wu 22, Vlasov 25, Fan and Ye 27, Wu and 
Wardenier 28, Albostami et al. 30, Ewolo et 

al. 31 and Khezri et al. 32 
Simply-supported all sides 

Kamis 29 and Khezri et al. 32 Fixed all sides 

Han 2 Simply-supported two sides and free edges 

Khezri et al. 32 Simply-supported two sides and fixed edges 

 

Table 2. Elastic material properties of the symmetric cross-ply plate1. 
E1/E2 = 25 

G12 = G13 = 0.5 E2 

G23 = 0.2 E2 

v
12

= v
13

= v
23

= 0.25 

 

Table 3. Comparison of dimensionless results for displacements and stresses of the 
symmetric cross-ply for a = b and h/a = 0.2. 
 

SSA CLPT FSDT HSDT FEM 

wE2h
3

b4q
0

×102 2.526 1.471 2.335 2.211 2.427 

σxh
2

b2q
0

×10 -5.113 -5.349 -4.430 -4.442 -5.010 

σyh
2

b2q
0

×10 -10.943 -9.837 -9.848 -11.324 -10.884 

Where E2 is the modulus of elasticity along the y-axis, b is the dimension of the plate along the y-
axis, h is the total thickness of the plate (z-axis) and q

0
 is the out-of-plane load. 

 
 

Table 4. Elastic material properties of the symmetric three cross-plies 37. 
E1 = 11000 MPa 

E2 = E3 = 370 MPa 
G12 = G13 = 690 MPa 

G23 = 50 MPa 

v
12
= v

13
= 0.44 

v
23
= 0.64 
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