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Abstract

Recurrent updates in non-pharmaceutical interventions (NPIs) aim to control successive waves of the coronavirus disease
2019 (COVID-19) but are often met with low adherence by the public. This study evaluated the effectiveness of gathering
restrictions and quarantine policies based on a modified Susceptible-Exposed-Infectious-Hospitalized-Recovered (SEIHR)
model by incorporating cross-boundary travellers with or without quarantine to study the transmission dynamics of COVID-19
with data spanning a nine-month period during 2020 in Hong Kong. The asymptotic stability of equilibria reveals that the
model exhibits the phenomenon of backward bifurcation, which in this study is a co-existence between a stable disease-free
equilibrium (DFE) and an endemic equilibrium (EE). Even if the basic reproduction number (R0) is less than unity, this disease
cannot be eliminated. The effect of each parameter on the overall dynamics was assessed using Partial Rank Correlation
Coefficients (PRCCs). Transmission rates (i.e., β1 and β2), effective contact ratio a6 between symptomatic individuals and
quarantined people, and transfer rate θ3 related to infection during quarantine were identified to be the most sensitive parameters.
The effective contact ratios between the infectors and susceptible individuals in late July were found to be over twice as high as
that in March of 2020, reflecting pandemic fatigue and the potential existence of infection during quarantine.

Introduction

The coronavirus disease 2019 (COVID-19) outbreak led to a global pandemic in early 20201. The disease has reached almost
every country in the world. Since then, many countries such as the USA, England, and Italy have experienced several waves of
the epidemic2. By March 2021, the total number of COVID-19 cases exceeded 119.2 million, including more than 2.64 million
deaths globally1. Its spread has also left economies and businesses counting the costs as governments struggle with instituting
and enforcing various non-pharmaceutical intervention (NPI) measures (e.g. social distancing, face coverings, and mandatory
quarantine of inbound travellers) to slow down the spread of the virus. Although the recent rollout of severe acute respiratory
syndrome coronavirus 2 (SARS-CoV-2) vaccines has raised hopes that the pandemic is nearing an end, identifying the duration
of immunity, i.e., how long a person is protected after being vaccinated, could take several years of monitoring and research3. If
immunity declines before herd immunity—when a large portion of the population of an area achieves immunity—previously
vaccinated individuals will become susceptible to infection again. Under these circumstances, implementing effective NPIs
remains critical to controlling the spread of COVID-194.

Yet according to the World Health Organisation (WHO), as the pandemic has continued to persist, the NPIs implemented
in many countries have caused an increase in “pandemic fatigue”, that is, demotivation about following recommended or
required measures to protect themselves and others from the virus5. It becomes a growing challenge for governments to find
effective ways to handle this fatigue and reinvigorate public vigilance. To guide governments in the planning and implementing
NPIs, WHO developed a framework of policy recommendations in late 2020 with four key strategies4. One of the strategies
highlighted the importance of collecting and using evidence for targeted, tailored, and effective policies, interventions, and
communication. In line with this strategy, infectious disease modelling techniques, aptly named compartment models, have
been used to provide insights into creating more targeted NPIs to control COVID-19 transmission.

Indeed, compartment models have been used for a long time to study disease transmission dynamics and gain insight into
how diseases spread, which can help in devising prevention and control measure. Compartment models are formulated based
on dividing populations into mutually-exclusive compartments representing disease status using the Kermack-McKendrick
framework6. For example, Wu et al. (2020) calculated the reproduction number, R0, of COVID-19 as 2.68 via the use of the
Susceptible-Exposed-Infectious-Removed (SEIR)-based model7. Tang et al. (2020) employed a dynamic model to assess the
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efficiency of travel restrictions8, and Lin et al. (2020) examined transmission trends and the effects of NPIs on the dynamics of
COVID-19 spread by using an SEIR-based model9.

Many previous studies have found that human mobility by transportation such as air10, rail11, or public transit12 have
contributed to epidemic diffusion. The use of quarantines for members of the general public has been studied to combat
the spread of respiratory diseases7, 13–15. By employing a modified Susceptible-Exposed-Infectious-Hospitalized-Recovered
(SEIHR) model to assess the transmission dynamics of SARS-CoV-2, this study extends previous work by incorporating
inbound travellers with and without quarantine into the studied population in order to better understand how those NPIs
affect transmission. Some basic qualitative properties of the model are analyzed, such as the basic reproduction number R0
and stability of the equilibria. The model is fitted using data on Hong Kong to show the trends characterizing the spread
of the disease. Hong Kong was selected because it is a densely populated city with a higher risk and speed of COVID-19
transmission16.

During this pandemic, a government policy stringency assessment system, which was developed by Oxford University and
partners, and uses 20 indicators to generate scores ranging from 0 to 100, gave Hong Kong an average score of 56 in terms of
its response to COVID-1917. As of 14th April 2021, Hong Kong has implemented strict quarantine policies for travellers and
close contacts of infected persons, during which time it recorded 11612 cases and 209 deaths and still met a fourth wave of
COVID-19 infections18. As a highly densely-populated city, it is especially critical for Hong Kong to be able to implement
feasible measures for controlling the spread of COVID-19.

Results
Modelling
A modified compartmental model is developed to overcome the limitations of only considering well-mixed homogeneous
populations in the previous well-established compartment model. The newly proposed model can divide the population into
ten groups based on transmission characteristics (shown in Figure 1). An individual may progress from being susceptible (S)
to being exposed (Em) to being asymptomatic/symptomatic (Ia or Im) to being hospitalized (Ha or Hs) to having recovered
(R), and can be quarantined while being susceptible (Nq), exposed (Eq) or infectious (Iq). Pre-symptomatic, symptomatic
and asymptomatic individuals are all contagious to susceptible individuals under effective contact, i.e., when an already
infected individual is in contact with another individual who thus may become infected as well. In our model, the duration
of the transmission spans from being pre-symptomatic to being hospitalized. The amount of virus in the bodies of infected
individuals during incubation increases over several days (which is assumed in our study to be three days) before symptom
onset19. It is often not easy to study the transmission onset time, as it is difficult to know who infected whom exactly when.
This study assumed that each exposed individual was pre-symptomatic and contagious. Due to a lack of symptoms, both
exposed individuals Em and asymptomatic infectious individuals Ia may come in contact with both susceptible individuals with
(Nq) and without (S) quarantine through outside movement, in household settings, or during provision of daily necessities by
volunteers. The force of infection, which is the rate at which individuals become infected per unit time20, is shown in Eqns.
(2). Each COVID-19 confirmed case can continue to shed the virus to others up to and including during hospitalized. Owing
to reinfection21 and virus mutations22, an infected individual’s convalescence period may end without lifelong immunity—a
recovered individual transfer from R to S by a reinfection rate xi. Considering that many countries suffered from several waves
due to imported cases and frequent virus mutations, and that COVID-19 might become a seasonal disease23, the proposed
model is designed with a dynamic population by natural birth and death, mortality from COVID-19, and cross-boundary (in
and out of a given territory or country) human mobility.

Mathematical Analysis
Steady States
Disease extinction and persistence24 are determined by the stability of the disease-free equilibrium (DFE) and the endemic
equilibrium (EE) of the model (1). Under the locally asymptotical stability in this system (i.e., DFE), applying the next-
generation method25 to the equations in the model (1) (see SI.2), the basic reproduction number R0 (i.e., the average number
of secondary cases caused by each infectious individual) in Eq. (5) is contributed by three groups (R0 = REm +RIm +RIa).
The interpretation of R0 is shown in Table 1. To be more specific, REm = (a4β2θ3 +a1β1)/q1, which is caused by exposed
individuals with outside movement, RIm = (a6β2θ3 +a3β1)σ2/q1q4, which is caused by symptomatic infectious individuals
with outside movement, and RIa = (a5β2θ3 +a2β1)σ1/q1q3, which is caused by asymptomatic individuals with outside
movement, can be explained by the force of infection Eqns. (2).

The pandemic is still evolving with several resurgences globally. The possible coexistence of DFE with a stable EE is
explored. A global asymptotic stability exists, which corresponds to positive solutions to Eq. (19) (proven in SI.3). The
backward bifurcation (BB) phenomenon has been shown to exist when the classical epidemiological requirement of having
R0 < 1 is no longer sufficient for effective control of COVID-19 infections. Substituting the force of infection Eq. (17) and
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Figure 1. Susceptible-Exposed-Infectious-Hospitalised-Recovered (SEIHR) Model.

Table 1. Interpretation of the basic reproduction number R0

Section Equation Interpretation

REm
a4β2θ3+a1β1

q1

Numerator: the infections produced by Em;
Denominator: the population transferring out of Em.

RIm
(a6β2θ3+a3β1)σ2

q1q4

a6β2θ3 +a3β1: the infections produced by Im;
σ2/q1q4: the net population left in Im among population from Em .

RIa
(a5β2θ3+a2β1)σ1

q1q3

a5β2θ3 +a2β1: the infections produced by Ia;
σ1/q1q3: the net population left in Ia among population from Em.

global asymptotically points (in SI.2) into the total population at EE Eq. (18), there are 32 scenarios that reflects the plausibility
of BB phenomenon (see Table 4).

Sensitivity Analysis
Sensitivity analysis was conducted to explore the impacts of the mutations in infectiousness, gathering restrictions, and
quarantine policies on the dynamical system described in the model (1). The basic reproduction number R0, also known
as a threshold quantity, is used to assess whether the disease can spread or will die out, though it is not the only factor.
Meanwhile, the severity of an outbreak is reflected by the infection attack rate26. This paper used Partial Rank Correlation
Coefficients (PRCCs)27 to investigate the impacts of each parameter on the overall dynamics, with R0 and the infection attack
rate as response functions (see Figure 2). Furthermore, using the tool SimBiology in MATLAB28, this paper adopted a global
sensitivity analysis (shown in Figure 3) between parameters and variables related to the force of infection (i.e., Em, Ia and Im).

In Figure 2, the outputs include the basic reproduction number R0 (i.e., an epidemiologically key parameter for determining
whether the disease will persist) and the infection attack rate (i.e., the severity of an outbreak). The results of the analysis
show that four parameters are most significant in their sensitivity:β1, β2, θ3 and a6. The transmission rate among susceptible
people β1 and transfer rate θ3 from quarantined people Nq to exposed individuals with outside movement Em ranked as the most
sensitive parameters. The transmission rate β2 among quarantined people, which significant, is less sensitive than that among
susceptible people (i.e., β1). The effective contact ratio a6 between asymptomatic infectious individuals Ia and quarantined
individuals Nq is the most sensitive parameter among all effective contact ratios. The four significant parameters should
especially be taken into consideration by decision-makers in designing and enacting measures for timely and effective infection
control.

In Figure 3, transmission rate β1 is more sensitive to three outputs (i.e., Em, Im and Ia) than β2. When any mutated variant
attacks susceptible people in the absence of restrictions on movement, its transmission risk will be almost double that of
quarantined people. Exposed individuals Em is the most sensitive group among all infectors. Effective contact ratio a1 between
Em and S ranked as having the most significant effect on the outputs. Meanwhile, all effective contact ratios (a1, ...,a6) have a
greater impact on Em compared to the other two outputs Im and Ia. In addition, Em is also affected by transfer rates between
disease status compartments (i.e., θ1, θ4, θ6 = 1−θ2 −θ3), thus Em implicitly indicates the effectiveness of quarantine policies.
Recovery rate γ4 of hospitalized symptomatic individuals Hs shows significant impacts on all outputs, especially Em. The
hospitalization rates of Iq (i.e., ε2) and Ia (i.e., ε3) both show an obvious sensitivity to themselves (i.e., Iq or Ia) respectively. As
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(a)

Figure 2. The partial rank correlation coefficient (PRCC) of the basic reproduction number R0 and infection attack rate with
respect to model parameters.

shown in Figure 3(f), the sharp increase in the infected population might be triggered by the influx of inbound travellers who do
not quarantine. A quarantine policy for cross-boundary travellers is still suggested.

Fitting Results
This study used time-series data on confirmed COVID-19 cases18 and data on cross-boundary travellers29 in Hong Kong to
populate the proposed model. Table 2 provides the descriptions, the initial values, and ranges for each parameter according
to reasonable assumptions and previous studies9, 30–32. Demographic information on the studied population is shown in SI.1.
Policy stringency index scores17, specific policies implemented at each inflexion point, and the number of new daily cases from
24th January to 4th December 2020 are compared in Figure 4. The full Eqns. in the model (1) are fitted to symptomatic cases
with outside movement Im as shown in Figure 5. The “R-squared" R2 ranges from 0.69 to 0.98, specifically 0.82 (Phase 1: 24th
Jan.-24th Mar.), 0.96 (Phase 2: 25th May.-19th Jul.), 0.98 (Phase 3: 20th Jul.-29th Jul.) and 0.69 (Phase 4: 30th Jul.-31st Oct.)
respectively. Model simulations well fitted both the cumulative and daily data. After the quarantine policy was announced on
24th March 2020, the government relaxed, then tightened, then once again relaxed gathering restrictions on 29th May, 19th
July and 11st September 2020, respectively. This study separated the study period (282 days) into four subsections because
the pandemic in Hong Kong occurred in four waves. At the same time, the government adjusted gathering restrictions or/and
quarantine rules every time the daily confirmed cases increased significantly, as shown in Figure 4. All data can be found on
GitHub33 and all initial values of variables and estimated parameters (i.e., a1-a5, β1, beta2 and θ3) are shown in SI.4.

Effective Contact Ratio
Individuals are highly likely to get infected by other pre-symptomatic, asymptomatic or symptomatic individuals through
effective contact. Some large-scale studies indicate that greater human mobility may lead to higher infection probability9, 34,
but these studies have failed to assess the influence of this mobility on a heterogeneous population from both epidemiology and
policy perspectives. This study explored the effective contact between different groups based on the proposed model.
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(a) (b) (c)

(d) (e) (f)

Figure 3. Global sensitivity analysis. Inputs: (a) transmission rate (β1 and β2), (b)effective contact ratio (a1-a6), (c) transition
rate [θ1-θ5 and θ6 = (1−θ2 −θ3)], (d) recovery rate (γ1-γ5), (e) hospitalized rate (ε1-ε3), and ( f ) population size (S and Nq).
Output: exposed individuals with outside movement (Em), symptomatic infectious individuals (Im) and asymptomatic
infectious individuals (Ia).
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Figure 4. Comparison between policy stringency index scores17 and daily new cases18 from 24th January to 4th December
2020. Yellow, orange, blue and green lines represent the periods from Jan. 24 to Mar. 24, from May 25 to July 19, from July 20
to 29, and from July 30 to Oct. 30 respectively. Blue points show each inflection point of the grey line "policy stringency
index".

(a) (b)

(c) (d)

Figure 5. Fitting results: (a) Jan. 24 to Mar. 24, (b) Mar. 25 to Jul. 19, (c) Jul. 20 to Jul. 29, and (d) Jul. 30 to Oct. 31.
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Table 2. Parameter descriptions and values

Parameter Description Initial Value Range Citation
π the number of new natural births 225 100, 1000 30

µH the number of inbound travellers without quarantine 0.00003 0.00001, 0.00005 30

β1 transmission rate contributed by the disease among S 0.745 0.36, 1.2 9

β2 transmission rate contributed by the disease among Nq 0.745 0.54, 1.7 9

a1 the effective contact ratio between Em and S 0.18 0.11, 0.18 estimated from31 and32

a2 the effective contact ratio between Ia and S 0.12 0.05, 0.17 estimated from31 and32

a3 the effective contact ratio between Im and S 0.15 0.1, 0.19 estimated from31 and32

a4 the effective contact ratio between Em and Nq 0.13 0.05, 0.18 estimated from31 and32

a5 the effective contact ratio between Ia and Nq 0.09 0.09, 0.16 estimated from31 and32

a6 the effective contact ratio between Im and Nq 0 0, 1 assumed

θ1
The rate of susceptible individuals who self-quarantined
according to the strict policy. 0.069 0.01, 0.18 validated

θ2
The rate of quarantined individuals who remain susceptible after
14-day quarantine observation period and return back to the susceptible group. 0.084 0.002, 0.1 validated

θ3
The rate of quarantined individuals who have been infected
during the quarantine period and show the symptoms after the quarantine. 0.44 0.075, 0.5 validated

θ4 The rate of exposed individual with outside movement who has been quarantined. 0.084 0.002, 0.1 validated
θ5 The rate of infectious individual with outside movement who has been quarantined. 0.09 0.001, 0.3 validated

σ1 the transition rate from exposed to asymptomatic infectious status 0.025 0.001, 0.07 estimated from31

σ2 the transition rate from exposed to symptomatic infectious status 0.187 0.1, 0.255 validated
σ3 the transition rate from exposed to symptomatic infectious status under quarantine 0.289 0.1, 0.3 validated

ε1 the hospitalization rate of asymptomatic infectious individuals 0.8 0.025, 0.95 assumed
ε2 the hospitalization rate of symptomatic infectious individuals 0.85 0.05, 0.975 assumed
ε3 the hospitalization rate of quarantined symptomatic infectious individuals 0.96 0.02, 0.99 assumed

γ1
the rate of asymptomatic infectious individuals who recovered
without hospitalization 0.008 0.01, 0.45 assumed

γ2
the rate of symptomatic infectious individuals who recovered
without hospitalization 0.133 0.0714, 0.3333 31

γ3
the rate of quarantined symptomatic infectious individuals who recovered
without hospitalization 0.134 0.0714, 0.3333 31

γ4
the rate of symptomatic infectious individuals who recovered after
treatment in the hospital 0.116 0.0714, 0.3333 validated

γ5
the rate of asymptomatic infectious individuals who recovered after
treatment in the hospital 0.005 0.001, 0.5 assumed

δm
the rate of death among symptomatic infectious individuals with outside
movement Im

0.1275 0.01, 0.345 assumed

δq the rate of death among quarantined symptomatic infectious individuals Iq 0.1275 0.01, 0.345 assumed
δh the rate of death among hospitalized symptomatic infectious individuals Hs 0.1275 0.01, 0.345 assumed

ξ the rate of reinfection based on no lifelong immunity 0.0001 0, 1 assumed

In Figure 6, all effective contact ratios (i.e., a1 −a5) were at the lowest level before March 2020. After quarantine rules
were announced in March 2020, the daily number of cross-boundary travellers gradually decreased from 228 to 1 on average35.
Two effective contact ratios (i.e., a4 and a5) related to quarantined people did not decrease, suggesting that quarantined people
may become infected during the quarantine. Meanwhile, when the transfer rate θ3 from Nq to Em grew, the severity of infections
during the quarantine became more serious. Owing to the relaxation of gathering restrictions during the gap between the second
and third wave, a1, a2 and a3 increased by 0.1245, 0.0632, and 0.0639, respectively. a4 and a5 decreased by 0.0703 and 0.0763
due to tighter quarantine restrictions. When the third wave came and peaked in mid-July, a restaurant dine-in ban after 6 pm did
not curb gatherings among citizens or mitigate the ongoing wave. One week later on 29th July, a stricter gathering restriction
was announced and decreased a1, a2 and a3 by 8% on average. Meanwhile, a4 and a5 increased by 25% in total. Compared to
the effective contact ratios in March, all effective contact ratios had a twofold increase even with the implementation of stricter
measures, and domestic passenger flows increased as well in late July 2020.

Discussion
The modified SEIHR model (1) describes the transmission dynamics of SARS-CoV-2 by incorporating heterogeneous effective
contact ratios between different groups. Via mathematical analysis, we computed the basic reproduction number, R0 (which
determines whether the disease persists or dies out) and stability of equilibria. We find that the model exhibits the phenomenon
of backward bifurcation, which increases the difficulty of SARS-CoV-2 control since the dynamics do not depend solely on R0.
The existence of a BB means that when a stable endemic equilibrium co-exists with a stable disease-free equilibrium, even if
the basic reproduction number is less than unity, the disease may persist. The epidemiological consequence of the backward
bifurcation phenomenon makes the controlling or eliminating the disease more difficult. Potential epidemiological mechanisms
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(a) (b) (c)

(d) (e) (f)

Figure 6. Comparison between policy stringency index scores and effective contact ratios from Jan. 25 to Oct. 31 in 2020: (a)
a1 effective contact ratio between Em and S, (b) a2 effective contact ratio between Im and S, (c) a3 effective contact ratio
between Ia and S, (d) a4 effective contact ratio between Em and Nq, (e) a5 effective contact ratio between Im and Nq and (f)
comparison between domestic Mass Transit Railway (MTR) passengers flow and effective contact ratios35.

of continued transmission may include exogenous re-infection as frequently observed for COVID-19 and imperfect vaccine
efficacy due to virus mutations36. These and other possible mechanisms require further study.

The main impact factors of R0 shown in Eq.(5) are effective contact ratios a1,a2 and a3 controlled by gathering restrictions,
and effectiveness contact ratios between quarantined inbound travellers and infectious individuals outside (i.e., a4 and a5)
and the transition rate θ3 from Nq to Im which reflect potential infection during quarantine. This study assumed the effective
contact ratio a6 between Im and Nq to be zero since people visiting Nq are assumed to be without symptoms. In Figure 2, a6
showed high sensitivity to R0 and the infection attack rate, a result that indicates the contact between Im and Nq should be
emphasised for overall control. As for quarantined individuals, incomplete adherence to quarantine recommendations could
potentially accelerate and prolong infectious disease outbreaks. Transition rate θ3 was validated to be greater than zero, which
confirms the existence of infections during quarantine. There are at least two transmission links. Some inbound travellers are
susceptible before being quarantined and get infected by their close contacts. In addition, inbound travellers still have the
possibility of infecting their close contacts due to the high frequency of secondary infections from imported cases18. Given the
lesson from Australia37, if any infection is passed from quarantined individuals to their close contacts, the virus may spread
into the community, resulting in an outbreak.

Additional evidence of infections possibly occurring during quarantine includes the increases in a4 and a5 in late March and
late July 2020. A higher effective contact ratio increases the possibility of shedding the virus in the population and infecting
others. Up until the end of July 2020, the policy stringency index score is almost 2 times higher than that in late January
202017. Contrary to the expected change shown in Figure 6, even the best performance, i.e., the effective contact ratio a1
between Em and S, increased by 0.15 in total. Owing to no symptoms and delayed recognition by decision makers of the relative
transmissibility of asymptomatic infection, effective contact ratios related to Ia indicate low adherence to gathering restrictions,
exhibiting the second highest increase of all the effective contact ratios between January and October 2020.

After implementing a stricter restriction, a1, a2 and a3 decreased only 8% on average while the third wave reached its peak.
After gathering restrictions were relaxed in September 2020 to allow a maximum of four people together, the effective contact
ratios, with an average increase of 0.0475, were approximately six times greater than that in July 2020. The synchronized
effective contact ratio didn’t change with the stringency of gathering restrictions. This implies that people practiced lower and
lower adherence to policies. Hong Kong may have experienced pandemic fatigue in their populations in July 2020, with the
most severe resurgence occurring in September 2020.

The occurrence of backward bifurcation, infection during quarantine, and pandemic fatigue may be reasons why Hong
Kong experienced multiple waves of infection during the COVID-19 pandemic. Pandemic fatigue was expressed through
an increasing number of people not sufficiently following recommendations and restrictions, as reflected in effective contact
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ratios. Already infected individuals who volunteer to provide daily necessities to quarantined individuals may, despite the very
quarantine policy, infect the quarantined individuals who, after quarantine and when initially asymptomatic, interact with and
infect other community members, triggering an outbreak. According to guidance from WHO4, we need to apply more tailored
measures to allow people to live their lives but reduce risks.

In February 2021, the Hong Kong government announced sewage tests for COVID-19 and promoted the “LeaveHomeSafe"
mobile application to record citizens’ social activities. With these measures in place, the government also implemented a policy
such that if one or more new confirmed cases with unknown sources are found in buildings, or there are sewage samples that
test positive and thus imply possible infection risks, the buildings will be included in a mandatory test notice38. The sewage
tests detected nine infections in two blocks39. Using data collected through the "LeaveHomeSafe" application, the Hong Kong
government was able to efficiently identify close contacts traceable to an infection cluster that occurred in the K11 Musea
shopping center40. More cross-cutting measures and their efficacy need to be explored. Finally, this study can be extended by
examining the time-varying effective contact ratios using more detailed data, incorporating heterogeneous data to gain further
insight on the contacts between different groups, and exploring more tailored policies and their efficacy.

Methods

Mathematical Model

Model Formulation

The epidemic model used in this study follows the compartment model from Kermack and McKendrick6. COVID-19 has a
wide range of the targeted susceptible group and various complications (e.g., fever and cough)41. Considering implemented
anti-epidemic strategies, the diagram is shown as Figure 1. The modified SEIHR model is presented in ordinary differential
equations (1). All variables and parameters are described in Tables 2 and 3. We split the total human population at time t ,
denoted by susceptible individuals S(t), quarantined inbound travellers Nq(t), exposed individuals with outside movement
Em(t), quarantined exposed individuals Eq(t), asymptomatic infectious individuals Ia(t), symptomatic infectious individuals
with outside movement Im(t), quarantined symptomatic infectious individuals Iq(t), hospitalized asymptomatic infectious
individuals Ha(t), hospitalized symptomatic infectious individuals Hs(t) and recovered individuals R(t).

The labels q, m, a and s represent “quarantined", “with movement", “asymptomatic" and “symptomatic" respectively. Given
that the life expectancy in Hong Kong is 84.89, this study considers the daily natural birth π as "225" and the natural death rate
µH as "0.00003"30. Rare reinfections of COVID-19 caused by various viral isolates have been reported42. We assumed the
reinfected probability to be a constant parameter ξ with a value of "0.0001". δk (k = m,q,h), is the death rate among Im, Iq and
Hs. In Figure 1, all arrows are labelled with the transition rates between compartments. θk (k = 1,2,3,4,5), is the percentage
rate of a given population in one compartment transferring to another compartment. A positive term (1−θ2 −θ3) represents the
probability of a quarantined inbound traveller being infected before the quarantine. 1

σk
(k = 1,2,3) is the average duration of the

latency period, i.e., the time between when an individual is exposed to the virus and when the individual starts to infect others.
εk (k = 1,2,3) represents the hospitalization rate and γk (k = 1,2,3,4,5) is the mortality among each group Ik (k = a,m,q) or
Hk (k = a,s). Each parameter ranges from 0 to 1. The force of infection λ1 and λ2 contain the transmission rates β1 and β2
due to the characteristics of the disease itself and due to interactions between members of the population as indicated through
the effective contact ratio ai (i = 1,2,3,4,5,6). The initial population equals the number of local residents at the end of 2019:
7,520,80043.
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dS
dt = π +mN +ξ R+θ2 Nq − (θ1 +µH +λ1)S,

dNq
dt = mNq +θ1 S− (θ2 +µH +(1−θ2 −θ3)+θ3λ2)Nq,

dEm
dt = λ1 S+θ3λ2 Nq − (σ1 +σ2 +θ4 +µH)Em,

dEq
dt = (1−θ2 −θ3)Nq +θ4 Em − (σ3 +µH)Eq,

dIa
dt = σ1 Em − (γ1 + ε3 +µH)Ia,

dIm
dt = σ2 Em − (γ2 + ε1 +δm +θ5 +µH) Im,

dIq
dt = σ3 Eq +θ5 Im − (γ3 + ε2 +δq +µH) Iq,

dHa
dt = ε3 Ia − (γ5 +µH)Ha,

dHs
dt = ε1 Im + ε2 Iq − (γ4 +δh +µH)Hs,

dR
dt = γ1Ia + γ2Im + γ3Iq + γ4Hs + γ5Ha − (ξ +µH)R

(1)

where the force of infection is given by:

λ1 =
β1(a1Em +a2Ia +a3Im)

N
, λ2 =

β2(a4Em +a5Ia +a6Im)

N
, (2)

with N representing the total population at time t given by N(t) = S(t)+Nq(t)+Em(t)+Eq(t)+ Ia(t)+ Im(t)+ Iq(t)+Ha(t)+
Hs(t)+R(t).

Table 3. Notation

Notation Description
Variables

S the number of susceptible individuals
Nq the number of quarantined inbound travellers
Em the number of exposed individuals with outside movement
Eq the number of quarantined exposed individuals
Ia the number of asymptomatic infectious individuals
Im the number of symptomatic infectious individuals with outside movement
Iq the number of quarantined symptomatic infectious individuals
Ha the number of hospitalized asymptomatic infectious individuals
Hs the number of hospitalized symptomatic infectious individuals
R the number of recovered individuals

Parameters
mN the number of inbound travellers without quarantine
mNq the number of quarantined inbound travellers

The force of infection λ1 and λ2 are driven by Em, Ia and Im. As for the quarantined group, Nq may transition to one of
three groups, including back to susceptible group S, with symptom onset during quarantine Eq or after quarantine as Em. We
assume that if a quarantined individual is infected during the quarantine period, symptoms would appear after the quarantine.
In addition, the government will ask the individual’s close contacts to comply with a 14-day compulsory quarantine. Eq is made
up of individuals who were exposed to the virus through contact with quarantined inbound travellers or other close contacts.
The specific moment when an exposed individual becomes exposed and pre-symptomatic is unknown. In this study, we assume
the average latency period is three days. All exposed individuals are also assumed to be pre-symptomatic and can transmit the
virus, and all quarantined infectious individuals are assumed to be symptomatic. Owing to their obvious symptoms, Im cannot
be regarded as a related individual who can take care of the quarantined people: a6 = 0.
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Mathematical Analysis
In this section, a brief summary of the mathematical analysis underlying this study is provided. The equations in the model (1)
are defined as a positive dynamical system with the domain Ω. The stability of equilibria is formulated in terms of the next
generation method25 and bifurcation theory44. Firstly, we consider solutions to (1), which is given by

Ω = {(S,Nq,Em,Eq, Ia, Im, Iq,Ha,Hs,R) ∈ Z10
+ : N > 0}.

Thus, simplifying N from model (1) i.e., N
′
= S

′
...+R

′
, one can clearly see that all solutions to the model that start in Ω

will remain in Ω for all t ≥ 0. Hence, Ω is positive-invariant, and it is sufficient to determine solutions that are restricted to Ω.
Therefore, for the model (1), the existence, uniqueness, and continuation results hold provided the solutions that are restricted
to Ω hold45, 46.

Disease-free Equilibrium (DFE)
The DFE showed a locally asymptotic stablility with the initial condition25: only S(0) and Nq(0) are not equal to zero, and
other variables should be equal to zero or much less than S(0) and Nq(0).

Ω1 = [S(0),Nq(0),Em(0),Eq(0), Ia(0), Im(0), Iq(0),Ha(0),Hs(0),R(0)] = [S0,Nq0,0,0,0,0,0,0,0,0].

The matrix for the new infection terms is designated as F . The matrices of the remaining individuals transferring out of
(into) compartments are represented as V− and V+. The transition term V is the difference between V− and V+. Based on the
equations in model (1),the DFE of S is as follows:

S∗0 =
(π +mN)µH +(π +mN)(1−θ3)+mNqθ2

µH 2 +(1+θ1 −θ3)µH +θ1(1−θ2 −θ3)
. (3)

Substituting Eq. (3) into (1),we obtain

Nq
∗
0 =

(π +mN +mNq)θ1 +mNq µH

(1+µH −θ2 −θ3)θ1 +µH(µH +1−θ3)
. (4)

where 0 < θ2 +θ3 < 1 and 0 < θ1 < 1.
Hence, S∗0 and Nq

∗
0 are both positive.

Applying the next-generation method25 to the equations in the model (1), which is described in SI.2, the basic reproduction
number, R0, is given by

R0 = ρ(FV−1) =
(a4β2θ3 +a1β1)q3q4 +(a6β2θ3 +a3β1)σ2q3 +(a5β2θ3 +a2β1)σ1q4

q1q3q4
, (5)

where

q = θ1 +µH , q0 = 1−θ3 +µH , q1 = σ1 +σ2 +θ4 +µH , q2 = θ3 +µH ,

q3 = γ1 + ε3 +µH , q4 = γ2 + ε1 +δm +θ5 +µH , q5 = γ3 + ε2 +δq +µH ,

q6 = γ5 +µH , q7 = γ4 +δh +µH and q8 = ξ +µH .

Theorem 1 The DFE in the model (1) is locally-asymptotically stable when R0 < 1, and unstable when R0 > 1.

Proof The proof of Theorem 1 can be deducted following25.
The basic reproduction number (R0) represents the average number of secondary infections caused by a single infection

when a population is wholly susceptible25. The interpretation of R0 is shown in Table 1. Based on the initial values estimated
from8, 9, 31, the basic reproduction number R0 is larger than one. In addition, Em contributed the most infections, which
exceeded 80%.

Endemic Equilibrium (EE)
In this subsection, for mathematical convenience, we assumed that λ1 and λ2 are the same:

λ1 = λ2 = λ =
β (a1Em +a2Ia +a3Im)

N
. (6)
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The EE is a scenario where a disease persists in a population. The globally asymptotic stability of the EE exists when R0 > 1
and the infected compartments are non-empty. Suppose Ω2 is given as

Ω2 = [S∗,N∗
q ,E

∗
m,E

∗
q , I

∗
a , I

∗
m, I

∗
q ,H

∗
a ,H

∗
s ,R

∗].

Given the Eqns. (1), we obtain

E∗
q =

(θ4 − (h1q6 +h2)ξ t2ω−1)E∗
m − (ξ t4t3θ1 +mNqq0t4)t2ω−1

q2
, (7)

I∗a =
σ1E∗

m

q3
, (8)

I∗m =
σ2E∗

m

q4
, (9)

I∗q =
(q2σ2θ5 +θ4t2ω−1 σ3q4 −ξ t2ω−1 σ3q4(h1q6 +h2))E∗

m +(t3θ1ξ +mNqq0)t2t4σ3q4ω−1

q2q4q5
, (10)

H∗
a =

ε3σ1E∗
m

q3q6
, (11)

H∗
s =

(σ2ε1q2q5 +σ2θ5q2ε2 − ((h1q6 +h2)ξ −θ4)σ3t2q4ω−1)E∗
m − ε2t4q4(ξ t3θ1 +mNqq0)

q2q4q5q7
, (12)

where

t1 =λ θ3 +q, t2 = θ2 +θ3 −1, t3 = π +mN ,

t4 =q8q4q6q7q3q2q5, t5 = γ2q5 + γ3θ5, t6 = q5ε1 +θ5ε2 ,

t7 =−θ1θ2 +q0(λ θ3 +q), t8 = ε2γ4 + γ3q7, t9 = (γ2q5 + γ3θ5)q7 + γ4(q5ε1 +θ5ε2),

ω =q4((ξ (θ2 +θ3 −1)(ε2γ4 + γ3q7)σ3 −q7q8θ2q2q5)θ1 +q5q7q8q0q2(λ θ3 +q))q6q3 ,

h1 =h11 +h12 +h13 = q7γ1σ1q2q4q5 +σ3θ4q3q4(ε2γ4 + γ3q7)+(q2q3σ2((γ2q5 + γ3θ5)q7 + γ4(q5ε1 +θ5ε2))),

h2 =γ5σ1ε3q2q4q5q7, h3 = (θ2 +θ3 −1)(ε2γ4 + γ3q7)σ3q3q4q6(mNqq0 +(π +mN)θ1).

Simplify the model (1) by substituting Eq. (7) to (12), the EE of S∗, N∗
q and R∗ can be rewritten as follows:

S∗ =
((h1 +h2)ξ E∗

mt1 −h3ξ mNq + t4(mNqθ2 + t1t3))
ω

, (13)

N∗
q =

((h1q6 +h2)ξ E∗
m +ξ t4t3θ1 +mNqq0t4)

ω
, (14)

R∗ =
((h11(q0t1 −θ1θ2)+(h12 +h13)t7)E∗

m −h3)

ω
, (15)

and

E∗
m =

B2λ 2 +B1λ

λ 2A2 +λ A1 +A0
, (16)
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where

B1 =− (((q5q8(q0θ3 +θ2)q2 − γ3σ3ξ t2)mNq +q8q2q5t3(θ1θ3 +q))q7 − γ4σ3ε2mNqξ t2)q3q6q4,

B2 =−q6q4q3q2q5q7q8θ3t3,

A0 =−q6q4q3((ξ t2t8σ3 −q7q8θ2q2q5)θ1 +qq0q2q5q7q8)q1,

A1 =(θ1θ3 +q)(((σ2t9q3 +q7γ1σ1q4q5)q2 +σ3θ4q3q4t8)q6 +q7γ5σ1ε3q2q4q5)ξ −q0q1t4θ3,

A2 =θ3ξ (((σ2t9q3 +q7γ1σ1q4q5)q2 +σ3θ4q3q4t8)q6 +q7γ5σ1ε3q2q4q5).

From above, we express other variables in terms of E∗, which is difficult to adjust whether the variables are always positive
or not. This study proves the existence of EE in SI.2.

Substituting Eq. (16), (8) and (9) into (6), we obtain

λ
∗ =

β (a1E∗
m +a2I∗a +a3I∗m)

N∗ , (17)

and

N∗ = S∗+N∗
q +E∗

m +E∗
q + I∗a + I∗m + I∗q +H∗

a +H∗
s +R∗. (18)

Now, substituting the endemic equilibrium points (SI.2) and Eq. (17) into Eq. (18), we have

S∗+N∗
q +(1− β a1

λ ∗ )E∗
m +E∗

q +(1− β a2

λ ∗ )I∗a +(1− β a3

λ ∗ )I∗m + I∗q +H∗
a +H∗

s +R∗ = 0. (19)

Simplifying this equation may point towards the existence of the existence of the backward bifurcation phenomenon, which
will be discussed in the subsequent section.

Backward Bifurcation Analysis
When the disease cannot develop into an epidemic, R0 is less than unity which is a necessary condition. In considering the
possibility of the coexistence of stable DFE and EE, the backward bifurcation (BB) phenomenon is discussed in this section.
Here, we simplify the Eq. (5) with “ β1 = β2", “a1 = a4",“a2 = a5" and “a3 = a6" as follows:

R0 = REm +RIa +RIm , (20)

with

REm = β (1+θ3)
a1

q3q4
,

RIa = β (1+θ3)
a2σ1

q1q3
,

RIm = β (1+θ3)
a3σ2

q1q4
.

Substituting Eq. (17) and (18) into Eq. (19),

C4λ
∗4 +C3λ

∗3 +C2λ
∗2 +C1λ

∗+C0 = 0, (21)

where

C0 =q3(−ε2t4q4(ξ t3θ1 +mNqq0)+ c0(((((θ2 +q0)mNq + t3(ξ θ1 +q))q2 − t2(ξ t3θ1 +mNqq0))q5

+ t2σ3(ξ t3θ1 +mNqq0))t4 −q5h3q2(ξ mNq +1))q4q7)q6A0 +
−B1q2q5q6q7

1+θ3
(q3

2q4
2REm +q1q3q4RIa

+q1q3q4RIm),

C1 =(−q3q6t4ε2A1q4(ξ t3θ1 +mNqq0)+ξ q3h1(((q2 − t2)q5 − t2σ3)q7 − t2σ3)B1q4c0q6
2 +(((((((((qh1+

h2(q+1))ξ +h1(qq0 −θ1θ2))B1 +(ξ t3θ1A1 +((θ2 +q0)mNq +qt3)A1 + t3θ3A0)t4 −h3A1(ξ mNq

+1))c0 +B1 +(c1t3θ1A0ξ +((θ2 +q0)c1mNq +qc1t3)A0)t4 −ξ A0c1h3mNq −A0c1h3)q2 − (h2ξ B1

+ t4A1(ξ t3θ1 +mNqq0))t2c0 +B1θ4 − t2t4A0(ξ t3θ1 +mNqq0)c1)q5 +(((−ξ h2 +θ4)B1 + t4A1(ξ t3θ1

+mNqq0))c0 + t4A0(ξ t3θ1 +mNqq0)c1)t2σ3)q7 −B1t2σ3c0(ξ h2 −θ4))q4 −q2σ2((−B1q5 −θ5B1)q7 −B1

(q5ε1 +θ5ε2)))q3 +q2q4q5q7σ1B1)q6 +q2q4q5q7σ1ε3B1 +
−B2q2q5q6q7

1+θ3
(q3

2q4
2REm +q1q3q4RIa +q1q3

q4RIm),
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C2 =−q3q6t4ε2A2q4(ξ t3θ1 +mNqq0)+(((q2 − t2)q5 − t2σ3)q7 − t2σ3)q3ξ h1q4(B1c1 +B2c0)q6
2+

(((((((((qh1 +h2(q+1))B2 +A2t3t4θ1 +θ3(h1 +h2)B1 −h3mNqA2)c0 +(A1t3t4θ1 +(qh1

+h2(q+1))B1 −h3mNqA1)c1)ξ +(h1(qq0 −θ1θ2)B2 +(t3θ3A1 +((θ2 +q0)mNq +qt3)A2)t4
+θ3q0h1B1 −h3A2)c0 +((((θ2 +q0)mNq +qt3)A1 + t3θ3A0)t4 +h1(qq0 −θ1θ2)B1 −h3A1)c1

+B2)q2 − ((A2t3t4θ1 +B2h2)c0 + c1(A1t3t4θ1 +B1h2))t2ξ − c1t2t4mNqq0A1 − t2t4mNqq0A2c0+

B2θ4)q5 −σ3t2(((−A2t3t4θ1 +B2h2)c0 + c1(−A1t3t4θ1 +B1h2))ξ +(−t4mNqq0A2 −B2θ4)c0

− c1(t4mNqq0A1 +B1θ4)))q7 − t2σ3(ξ h2 −θ4)(B1c1 +B2c0))q4 +B2((q5 +θ5)q7 +q5ε1 +θ5ε2)

q2σ2)q3 +q2q4q5q7σ1B2)q6 +q2q4q5q7σ1ε3B2,

C3 =((((((((q+q6)h1 +h2(q+1))B2 +(t3θ1t4 −h3mNq)A2 +θ3(h1 +h2)B1)ξ +h1(qq0 −θ1θ2)B2

+(((θ2 +q0)mNq +qt3)t4 −h3)A2 +θ3(A1t3t4 +B1h1q0))q2 − (((h1q6 +h2)B2 +A2t3t4θ1)ξ+

t4mNqq0A2)t2)q5 − (((h1q6 +h2)B2 −A2t3t4θ1)ξ − t4mNqq0A2 −B2θ4)σ3t2)c1 +θ3q2q5(B2(h1 +h2)ξ

+q0h1B2 + t3t4A2)c0)q7 −B2((h1q6 +h2)ξ −θ4)σ3c1t2)q6q4q3,

and

C4 = q2(((ξ +q0)h1 +ξ h2)B2 + t3t4A2)q7q5θ3q3q6c1q4.

To be more specific and discuss the possible of roots of Eq. (21), we used Descartes’ rule of sign changes47 and showed 32
possible results in Table 4.

Fitting Analysis
We inputted into the model the data from 24 January to 31 October 2020 in Hong Kong by employing the Pearson’s Chi-squared
test and the least square method via R statistical software version 3.4.148. The demographic related data includes π as natural
birth 225 and µH as the crude death rate 0.0000330. The initial S0 is set as 7,181,657 on 24th January 2020, which equals the
summation of the net growth of inbound travellers29, initial local population 7,520,80043 and released quarantined inbound
travellers. With reference to the epidemic model in Eqns. (1) and local data, we assume mN as zero since the number of inbound
travellers without quarantine is unknown. All inbound travellers are assumed to follow quarantine rules since 24 January 2020.
During the first 13 days, no quarantined visitor is released: mNq(1) = ...= mNq(13) = 0. All initial values of parameters are
shown in Table 2.

The Hong Kong government announced a quarantine policy on 25 March 2020. All inbound travellers are required to
quarantine for 14 days after arriving in Hong Kong. During quarantine, people are not allowed to have any close contact with
others. If an inbound traveller becomes symptomatic, the traveller will be hospitalized by the government. If the latency period
exceeds 14 days, the released quarantine people can still transmit the virus to others as asymptomatic infectious individuals;
owing to the absence of symptoms, it is difficult to screen them from the public. As a result, the Hong Kong government has
imposed various restrictions designed to reduce the risk of transmission among the whole population, such as one-meter social
distancing49, wearing masks, a ban on restaurant dining, and restrictions on the maximum number of people gathering. The
proposed ‘effective contact ratio’ helps describe the degree of adherence to these restrictions among the public. Based on six
types used by the Hong Kong government18, we subdivide confirmed cases based on the infection sources and symptoms.
Imported cases and cases epidemiologically linked with imported cases are from or caused by quarantined individuals. The
other four types related to local cases are divided into asymptomatic or symptomatic cases. Infection control policies enacted
by the Hong Kong government are indicated in Figure 4.
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Table 4. Number of possible positive real roots of Eq. (21)

Case C4 C3 C2 C1 C0 R0 No. of possible changes Positive Real Roots
1 − − − − − R0 > 1 0 0
2 − + + + + R0 < 1 1 1
3 − − − − + R0 < 1 1 1
4 − − − + + R0 < 1 1 1
5 − − − + + R0 < 1 1 1
6 − − + + + R0 < 1 1 1
7 − + + + − R0 > 1 2 0,2
8 − + − − − R0 > 1 2 0,2
9 − − + − − R0 > 1 2 0,2
10 − − − + − R0 > 1 2 0,2
11 − + + − − R0 > 1 2 0,2
12 − − + + − R0 > 1 2 0,2
13 − − + − + R0 < 1 3 1,3
14 − + + − + R0 < 1 3 1,3
15 − + − + + R0 < 1 3 1,3
16 − + − + − R0 > 1 4 0,2,4
17 + + + + + R0 < 1 0 0
18 + + + + − R0 > 1 1 1
19 + − − − − R0 > 1 1 1
20 + + − − − R0 > 1 1 1
21 + + + − − R0 > 1 1 1
22 + − − − + R0 < 1 2 0,2
23 + − − + + R0 < 1 2 0,2
24 + − − + + R0 < 1 2 0,2
25 + + + − + R0 < 1 2 0,2
26 + + − + + R0 < 1 2 0,2
27 + − + + + R0 < 1 2 0,2
28 + − + − − R0 > 1 3 1,3
29 + − − + − R0 > 1 3 1,3
30 + + − + − R0 > 1 3 1,3
31 + − + + − R0 > 1 3 1,3
32 + − + − + R0 < 1 4 0,2,4
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