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Abstract

Understanding the timing of the peak of a disease outbreak forms an important part of
epidemic forecasting. In many cases, such information is essential for planning increased
hospital bed demand and for designing of public health interventions. The time taken for
an outbreak to become large is inherently stochastic, and therefore uncertain, but after a
sufficient number of infections has been reached the subsequent dynamics can be modelled
accurately using ordinary differential equations. Here, we present analytical and numerical
methods for approximating the time at which a stochastic model of a disease outbreak
reaches a large number of cases and for quantifying the uncertainty arising from demographic
stochasticity around that time. We then project this uncertainty forwards in time using an
ordinary differential equation model in order to obtain a distribution for the peak timing of
the epidemic that agrees closely with large simulations but that, for error tolerances relevant
to most realistic applications, requires a fraction of the computational cost of full Monte
Carlo approaches.

Keywords: Branching Processes; First Passage Time Distribution; Uncertainty Quantification;
Stochastic Transmission Model; Outbreak.

1 Introduction

The COVID-19 pandemic, which began in late 2019 with an outbreak of the novel SARS-CoV-2
pathogen in Wuhan, China, has underscored the need for mathematical modelling that can
quickly and accurately estimate important epidemiological quantities and provide meaningful
forecasts of disease dynamics. Insights from modelling are particularly crucial for planning
responses and interventions in the early stages of an epidemic [1]. Producing epidemiological
forecasts and estimating key parameters, such as the generation time, doubling time and the
basic reproduction number, R0, while an epidemic is ongoing is subject to enormous uncer-
tainty [2, 3, 4]. Stochastic models of disease transmission offer an advantage in that they are
able to capture the randomness of events that occur during an outbreak, particularly when that
outbreak is in its early stages [5, 6]. Not accounting for such stochasticity can lead to discrep-
ancies between model outputs and outbreak data. Furthermore, if super-spreading events and
extinction of individual transmission chains are common in outbreaks of a given disease, then
models that do not capture the random nature of these events can create biased estimates of
key epidemiological quantities [7]. Fitting deterministic models to disease data fails to fully
capture the underlying uncertainty in the disease dynamics, effectively attributing any discrep-
ancy between the model and data to measurement error [8]. Relying on deterministic models
alone can therefore lead to bias in the estimation of epidemiological parameters, as well as an
underestimation of the true uncertainty in model outcomes [9] and so stochastic models are
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preferred wherever possible [10].

Stochastic models also have an advantage in modelling the early phases of epidemics in that
they allow events to occur after a random time, thus accounting for the large variability in the
time taken for an outbreak to begin growing exponentially. Hybrid modelling that incorporates
both stochastic and deterministic elements have been used previously to enrich deterministic
models with uncertainty in both the time to extinction and probability of extinction of an
outbreak [11, 12] as well as the total duration of an epidemic [13]. In the context of COVID-19,
stochastic models have been used to generate a distribution of starting times, together with
initial conditions, for a deterministic model that only begins once an epidemic has reached its
exponential growth phase [14].

However, simulating sample trajectories from a stochastic model is computationally expensive,
particularly when the number of events is large, and also has the disadvantage that it does not
offer any mathematical insight into the true underlying distribution of the number of cases at a
given time. This makes large stochastic simulations particularly unsuitable for model calibration
or sensitivity analysis, for which many such simulations may be needed in order to test different
regions of a given parameter space. This is particularly relevant when many potential outbreak
scenarios need to be considered, as was the case for modelling the roadmap for lifting mass
lockdown restrictions in the United Kingdom [15]. The tools outlined in this paper are intended
to enrich deterministic modelling of epidemics with explicit consideration of stochastic effects
in the early growth phase, in a way that provides more tractable insight and is computationally
much more efficient than running large outbreak simulations.

We work with a simple stochastic version of the Susceptible-Infectious-Recovered (SIR) model,
using a continuous-time single-type branching process to approximate early behaviour, and use
insights from this model to define the time after the initial case is infected at which the dy-
namics of the subsequent epidemic are well-approximated by a deterministic model. Intuitively,
stochasticity becomes negligible when the number of infectives is sufficiently large, so we aim to
describe the distribution of the time, T , at which the population, Z(t), of the branching process
crosses a particular size Z∗. To the best of our knowledge, no analytical results for this First
Passage Time (FPT) are currently known. We identify a suitable Z∗ by imposing conditions
on the population distribution at a given time, T ∗ at which we argue stochasticity has become
negligible due to both the probability of having zero cases being close to zero (provided that the
outbreak has not already become extinct), and also that the standard deviation in the number
of cases grows proportionally with the mean. We formalise these conditions in Section 2.2. We
then define Z∗ as the mean population of the branching process at time T ∗.

Given the lack of results on FPT distributions for branching processes, we consider a diffusion
approximation to the branching process studied by Feller [16, 17] for which the FPT distribution
can be investigated. The Feller diffusion has a known distribution at each time point, and so
we use existing results to obtain the FPT distribution for the number of cases in the Feller
approximation to reach the same level as that of the branching process at time T ∗. Finally,
we consider an alternative approximation for the FPT distribution of the Feller diffusion using
a Gaussian Process, which has the advantage of ease of implementation and applicability to
a wider range of contexts than the epidemic models considered in this paper and discuss the
benefits and limitations of each approach.
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2 Methods

2.1 Stochastic Model of Early Growth

We consider an SIR model of an outbreak of an infectious disease in a homogeneously mixing
population that is fully susceptible to infection. We denote by β and γ the constant infection
and recovery rates, respectively, and linearise the early epidemic growth phase, i.e. we ignore
the depletion of the susceptible population. We do not currently consider any immigration of
cases from an external source, so the population is assumed to be closed, and we do not consider
transmission or recovery rates that depend on time, though this is the subject of ongoing and
future work.

Based on these assumptions, our aim is to define the number of cases Z∗ in an outbreak which
is large enough that the subsequent dynamics can be well-approximated by a deterministic SIR
model. We then wish to quantify the uncertainty around this time by estimating the first-
passage time distribution to Z∗. To define Z∗ we identify a time T ∗ that is sufficiently late for a
supercritical branching process to be “far enough” from zero, and then define Z∗ = Z(T ∗), where
Z(t) denotes the number of active infectious cases at time t in our branching process.

We model the linearised early epidemic growth phase with a birth and death process, where
these two events correspond to infection and recovery of infected individuals and hence occur
at rates β and γ, respectively. This birth and death process can be equivalently described as a
branching process in which individuals die at the time when either event occurs (the lifetime is
exponentially distributed with rate β + γ) and is either replaced by two new individuals in the
former event and zero individuals in the latter [18]. Therefore, at each event in the branching
process model, an infectious case produces a number of offspring that is an i.i.d. copy of a
random variable Y , whose generating function is given by:

PY (s) =

∞∑
n=0

Pr(Y = n)sn =
1

β + γ

(
βs2 + γ

)
, (1)

so that at each infection event an infectious case produces an identical copy of itself as well as
an expected number of secondary infections given by

E[Y ]− 1 =
dP

ds

∣∣∣∣
s=1

− 1 =
β − γ
β + γ

.

This is equivalent to a birth-death chain model in which the expected number of secondary
cases due to a single infected individual over the course of their infection is given by R0 = β

γ
[19, 18].

The number of infectious cases at time t, Z(t) then has the generating function Q(t, s) given
by:

Q(t, s) = E
[
sZ(t)

]
=

∞∑
n=0

Pr(Z(t) = n)sn. (2)

We obtain the probability of extinction for an outbreak starting with a single infectious case,
which we denote q(t), by setting s = 0 in (2). It was shown by Harris [20] that Q(t, s) satisfies
the Chapman-Kolmogorov backward equations:

∂Q

∂t
= −ρ [Q(t, s)− PY (Q(t, s))] = βQ2 − ρQ+ γ,

Q(0, s) = s, (3)

where ρ = β + γ.
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Solving (3) for Q(t, s) and setting s = 0 with initial condition q(0) = 0 gives an explicit
expression for the extinction probability q(t), given by:

q(t) := Q(t, 0) = 1−
(∫ t

0
βe(β−γ)udu+ e(β−γ)t

)−1
, (4)

with details given in Appendix A. It is also straightforward to obtain the first and second
moments, m1(t) and m2(t) of Z(t) by differentiating (3) with respect to s and substituting
s = 1 [19], so that:

dm1

dt
= rm1 ⇒ m1(t) = ert (5)

dm2

dt
= 2β(m1)

2 + rm2 ⇒ m2(t) =
β

r

(
e2rt − ert

)
, (6)

where r = β − γ is the growth rate for the number of cases. The variance (i.e. second central
moment) at time t, σ2(t), is given by σ2(t) = m2(t)− (m1(t))

2.

2.2 Time to Establishment of an Outbreak

We define the time at which an outbreak that begins with an initial case is fully established in
the resident population, provided that it has not gone extinct, which we denote by the random
variable T . Once this time has been reached, we conclude that the subsequent disease dynamics
are well approximated by a deterministic model. In order for this to be the case, we require two
conditions for t > T , namely that the local epidemic is growing approximately according to the
mean growth curve and that the probability of having no cases is approximately constant.

We choose an appropriate threshold T ∗ based on these two conditions in order to find a dis-
tribution of the random variable T that is centred on the threshold T ∗, i.e. T ∗ = E[T ]. We
formalise our criteria for choosing T ∗ as follows:

1. c(t) := σ(t)/m1(t) = l + ε1 for ε1 > 0 and t > T1

2. q(t) := P (Z(t) = 0) = q − ε2 for 0 < ε2 < q and t > T2,

where c(t) is the coefficient of variation, q = limt→∞ q(t) and l is constant. We then choose
T ∗ = T ∗(ε1, ε2) such that both of these conditions are satisfied, i.e. T ∗ = max{T1, T2}. Note
that in a supercritical process, corresponding to R > 1, both of these conditions are guaranteed
to be satisfied as t→∞ (see, for example, [19, Ch. 7] for details).

We interpret T ∗ as the central estimate for T , the time at which the pathogen is established
in the resident population and investigate the uncertainty around this estimate by obtaining
an approximation to the first-passage time distribution for the branching process to the level
Z∗ := m1(T

∗) = E[Z(T ∗)].

2.3 Diffusion Model Approximation

In order to make progress on a first-passage time distribution for our branching process, we first
rely on a diffusion approximation studied by Kurtz [21, 22] and Jagers [23]. This diffusion
approximation was first introduced by Feller [16, 17], and proved using the Fokker-Planck
equations by Jǐrina [24]. This diffusion is a special case of the Kramers-Moyal expansion of
the Kolmogorov equation for the branching process, which takes the first two terms of the
Taylor expansion of the probability density function for the transition rates of the process [25].
The Feller diffusion is also known as the squared Bessel process [26, 27] or, in finance, as the
Cox-Ingersoll-Ross diffusion [28] and has been used extensively to study changes in interest
rates.
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We begin with the classic Feller branching diffusion approximation to the single-type branching
process. If Zt is the number of infectious cases at time t, then as t grows large Zt obeys the
following stochastic differential equation:

dZt = rZtdt +
√
ρZtdWt, (7)

where Wt denotes a standard Wiener process. As Feller noted in his original paper, the above
process has an absorbing boundary at Zt = 0, so there is a non-zero probability that the process
becomes extinct. We can represent this SDE equivalently as a partial differential equation via
the Fokker-Planck equation, so that:

∂f(t, x)

∂t
=
ρ

2

∂2

∂x2
[xf(t, x)]− r ∂

∂x
[xf(t, x)] , (8)

where f(t, x) is the probability density function of the number of cases at time t. Feller demon-
strated that the solution is the pdf of a non-central χ2 distribution with zero degrees of freedom
[17, 29], which has the explicit form:

f(t, x) =
2rert

ρ(ert − 1)

√
ert

x
I1

(
4r
√
xert

ρ(ert − 1)

)
exp

(
−r(e

rt + x)

ρ(ert − 1)

)
, (9)

where I1(·) is the modified Bessel function of the first kind. It is possible to derive from first
principles the pdf in (9) from (8) using the method of characteristics (see Appendix B).

Note that (9) does not represent a true density, since
∫∞
0 f(t, x) dx = 1−exp{−λ/2} < 1, where

λ = 4ert/(ρ(ert − 1)). This is because the non-central χ2 distribution has a mass at zero equal
to exp(−λ/2), which represents the extinction probability at time t for the Feller process. In
order to obtain a true density for the number of cases at time t, we condition our process on
never reaching zero cases to obtain a density f̂(t, x) defined by:

f̂(t, x) =
f(t, x)

(1− e−λ/2)
. (10)

From the non-central χ2 distribution we obtain the First Passage Time (FPT) distribution for
the Feller process, which approximates the FPT for the branching process. At each time t,
the integrated density F̂ (t, x) =

∫∞
0 f̂(t, x) dx = Pr(Zt ≤ x) gives the probability that the

number of cases has not yet reached the level x, given that the process has not yet become
extinct. We then obtain the cumulative density function, Ux(t) = Pr(Tx ≤ t) for the random
variable Tx = inf{t : Zt ≥ x} directly from the cdf F̂ (t, x) [30]. Choosing the level x = Z∗ with
Z∗ = E[Z(T ∗)] defined in §2.2 above for the branching process, and henceforth letting T := TZ∗

and U(t) := UZ∗(t) for notational compactness, we have that:

U(t) = 1− F̂ (t, Z∗) = Pr(T ∗ ≤ t). (11)

2.4 Gaussian Process Approximation to the Feller Diffusion

As well as using the non-central χ2 solution of (8), we can also approximate the FPT distribution
of the Feller diffusion using a Gaussian Process. Using a Gaussian Process approximation
instead of the exact non-central χ2 distribution for the Feller Diffusion has the advantage that
such approximations are likely to be available for a more general set of diffusion problems
[22]. In particular, Gaussian approximations to solutions of stochastic differential equations can
be applied to diffusion problems with more than one type, as well as to time-inhomogeneous
diffusion problems [31, 32].
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Archambeau et al. [32] note that a stochastic differential equation of the form:

dXt = (A(t)Xt + b(t))dt+
√
V (t)dWt (12)

has a Gaussian Process solution GP(m(t),Σ(t)), whose mean and variance satisfy the following
ordinary differential equations:

dm

dt
= A(t)m(t) + b(t), (13)

dΣ

dt
= 2A(t)Σ(t) + V (t). (14)

This Gaussian Process solution does not require the process to be homogeneous in time and also
has an analogous formulation if Xt, b(t) and dWt ∈ Rn are vectors and A(t), V (t) ∈ Rn×n are
matrices. The solutions of (13) and (14) are chosen such that the Kullback-Leibler divergence
between the distribution of Xt and the Gaussian Process GP(m(t),Σ(t)) is minimised (see
[32]).

In order to make a Gaussian Process approximation to the Feller diffusion, we first need to
transform the Feller stochastic differential equation (7) using Itô’s Lemma [33] so that it has
the form (12). We start by making the transformation Xt = h(t, Z) =

√
Zt, so that (7)

becomes:

dXt =

(
r

2
Zt
∂h

∂Z
+
ρZt
2

∂2h

∂Z2

)
dt+

√
ρZt

∂h

∂Z
dWt

=

(
rXt −

1

8Xt

)
dt+

√
ρ

2
dWt. (15)

From the above equation, we make the approximation that O(X−1t ) terms are small, and can
therefore be ignored, so that our equation finally becomes:

dXt ≈ rXtdt+

√
ρ

2
dWt, (16)

which is in the form of (12). This approximation does not hold when Xt � 1, since for small
Xt the original process Zt is close to extinction. We should also note that (16) no longer has
Xt = 0 as an absorbing state. We must therefore impose the additional boundary restriction
Xt ≥ 0 and dXt = 0 for Xt = 0 in order for the process (16) to share the same properties as
(7). Now that we have our SDE in the required form, we can write a Gaussian Process solution
for our approximation GP(m(t),Σ(t)), for which we solve the ODEs:

dm

dt
= rm(t), (17)

dΣ

dt
= 2rΣ(t) +

ρ

4
. (18)

As with the Feller diffusion, we can now obtain the first passage time distribution for the
Gaussian Process hitting the level

√
Z∗ directly from the cdf, Φ(·), of the Gaussian distribution

at each time t, this time conditioning on the process being greater than 0 (since the Gaussian
Process at time t may also take negative values, unlike the non-central χ2 distribution). If
UG(t) is the pdf for the first passage time distribution of the Gaussian Process to the level

√
Z∗,

conditional on the process being greater than zero, then we have the explicit expression:

UG(t) =
1− Φ(

√
Z∗ ; m(t),Σ(t))

1− Φ(0 ; m(t),Σ(t))
. (19)
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2.5 Linear Noise Approximation

The Linear Noise Approximation (LNA) is a standard method used to approximate solutions
of stochastic differential equations introduced by van Kampen [34]. We consider the LNA to
Equation (7) as an additional comparison to the approximations that we obtain in the previous
sections. The LNA is based on rewriting the stochastic process Zt as the sum of a deterministic
part, ϕ(t) and a stochastic noise term ξt. Choosing ϕ(t) = ert to be the deterministic part, we
make the substitution Zt = ert + ξt, so that:

dZt = rertdt+ dξt

= rZtdt +
√
ρZtdWt

⇒ dξt = rξtdt +
√
ρert(1 + e−rtξt)dWt. (20)

Based on the final expression for dξt and, assuming e−rtξt to be small, we may use a power series
expansion for

√
1 + e−rtξt in order to obtain the first order Linear Noise Approximation

dξt ≈ rξtdt +
√
ρert/2dWt , (21)

where in the power series we have ignored terms that are O(ξte
−rt/2). We note that this is

not a well-controlled expansion since this quantity will not typically be small compared to 1,
however, it is included since such expansions are an extremely popular approach and may be
attempted without guarantees of convergence.

As with the square root of the Feller process, equation (21) can be solved using equations (13)
and (14) in order to give a solution that is normally distributed. Solving in this way, we find
that the first-order Linear Noise Approximation to Zt is given by a Gaussian distribution that
takes the form:

Zt ≈ N
(

ert,
ρ

r
(e2rt − ert)

)
. (22)

2.6 Peak Time Distribution for a Deterministic Model

The distributions of first passage times obtained in the previous section induce a distribution
on the time taken for the resulting outbreak to hit its peak. Once the threshold Z∗ is reached,
we model the subsequent epidemic using the standard deterministic SIR model of Kermack
and McKendrick [35] assuming constant infectiousness of exponential duration. We consider a
closed population of size N , with an initial number of infectious cases Z∗ that starts at time
t = T ∗, giving the ordinary differential equation system:

dS

dt
= −βSI

N
,

dI

dt
=
βSI

N
− γI,

S(T ∗) = N − Z∗,
I(T ∗) = Z∗,

R(t) = N − S(t)− I(t), ∀t ∈ [T ∗,∞), (23)

which we can solve using standard numerical integration routines as an initial value problem for
t ∈ [T ∗,∞). We have implicitly assumed that R(T ∗) ≈ 0 since, for the branching process, we
assume that the number of susceptible individuals in the population is not significantly depleted
so that S(T ∗) ≈ N . We note that this assumption is also required up to time t = T ∗ in order for
the linear branching process to be a valid approximation of the epidemic dynamics. However,
this observation suggests a trade-off in the choice of ε and, hence, of Z∗. The choice of threshold
ε should not be so small as to make Z∗ large enough that the assumption of negligible depletion
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Figure 1: Extinction probability, q(t), and coefficient of variation, c(t) = σ(t)/m1(t), over time,
for R = 2. From these two curves, we choose the time T ∗ at which both are within ε of their
asymptotic limits. For ε = 10−3, we have T ∗ = 34 days. The mean number of cases for the
branching process at time t = T ∗ is given by E[Z(T ∗)] = 125 cases.

of the susceptible population is no longer valid. One could improve upon this assumption by
considering the total progeny of the branching process in order to keep track of individuals that
have been infected but have since recovered, but we find that making this assumption does not
have a large impact on our results. A comparison of the true peak timing for the stochastic
SIR epidemic compared with the estimated peak timing using a hybrid branching process and
deterministic model is given in Appendix D.

Solving (23), we can obtain the time at which the epidemic reaches its peak, tpeak. We can then
simply take the distribution of the hitting time for the peak of the epidemic to be the same as
the FPT distribution centred on T ∗ obtained in the previous sections, translated forwards by
the difference tpeak− T ∗. This is equivalent to the simulated distribution that we would expect
to obtain if we ran multiple epidemics by solving (23) and drawing random initial times t0 from
the FPT distribution T .

3 Results

In order to compare the FPT distributions obtained in §2.3 and §2.4 above we model an outbreak
of COVID-19 in the United Kingdom using our SIR branching process model defined in (2.1). As
a baseline we take R0 = 2 with an infectious period of 7 days, so that β = 2/7 and γ = 1/7

3.1 Branching Process SIR model

In order to choose the time at which we are able to switch from a stochastic model to a
deterministic one, we calculate (4) for our branching process model together with (5) and (6) in
order to obtain q(t) and c(t) for our choices of parameters. These results are plotted in Figure
1. We choose a common threshold ε, defined in Section 2.2, for both curves in order to calculate
the times T ∗1 and T ∗2 after which q(t) and c(t) are approximately constant, respectively. Figure
1 shows the resulting choice for T ∗ obtained by taking the maximum of these two times. For
our baseline model, with R = 2, we choose ε = 10−3 and obtain T ∗ = 34 days, with a mean of
Z∗ = E[Z(T ∗)] = 125 cases for the branching process.

To investigate the true underlying FPT distribution for the branching process to the level
Z∗ = 125, we simulate sample trajectories of our branching process using the Gillespie algo-
rithm [36], stopping the algorithm at the time at which the number of cases reaches Z∗. We
run 105 simulations of the branching process, stopping each simulation once the number of
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cases reaches either zero or Z∗, and obtain an FPT distribution based on the stopping times
for each simulation. We discard simulations for which the branching process goes extinct, so
that the FPT distribution is conditioned on non-extinction. This ensures consistency with the
approximations of the FPT made using the Feller Process and Gaussian Processes, which we
also condition on the number of cases not reaching zero. We treat this sampled FPT distribu-
tion as a benchmark, to which we compare the distributions obtained via both the Feller and
Gaussian Process approximations of the FPT distribution.

3.2 Feller Diffusion and Gaussian Process Approximations

To compare the FPT distribution for the Feller diffusion with that of the branching process,
we make use of the analytic result (9) and compare this with simulations of the Feller process
using the Euler-Maruyama method [37]. Comparisons of both the simulated and analytic FPT
distributions are shown in figure 2. For simulating the Feller diffusion, we ran 105 simulations
and compared the resulting FPT distribution with the analytic distribution derived from the
non-central χ2 distribution, and found that they are almost identical. We also note that,
compared to simulating the branching process via the Gillespie τ -leaping algorithm, running
the Euler-Maruyama simulation required significantly lower total computation time, even for
a ten-fold increase in the number of simulations (see Table 1). We also calculate the FPT
distribution based on the Gaussian Process approximation described by Equation (19).

In order to evaluate the performance of each of our approximations, we compare the cumulative
density functions (cdfs) obtained by both the Feller and Gaussian Process approximations with
the (empirical) cdf of our simulation output for the branching process. We measure the close-
ness of each distribution to the simulated “true” distribution using both the Kullback-Leibler
divergence and the Kolmogorov-Smirnov distance. We also compare our results with the em-
pirical cdf of the simulation output obtained with a lower number of simulations, in order to
demonstrate the trade-off between accuracy and computational cost. A comparison of the pdf
of the first passage time distribution, T , estimated using all of these methods is given in Figure
2. A comparison of the required computation time for calculating the FPT distribution using
each of the methods described in this paper is given in Table 1.

In Figure 4, we demonstrate the convergence of each approximated FPT distribution to the
true distribution as the threshold ε is changed, corresponding to different choices for T ∗ and
for Z∗. We find that, of all of our methods, the non-central χ2 distribution arising from the
Feller approximation to the branching process provides the closest approximation for almost all
values of ε that we considered, both with respect to the Kullback-Leibler divergence and the
Kolmogorov-Smirnov distance. The Guassian Process approximation of the FPT distribution
also demonstrates good convergence with KL divergence below 10−4 for all choices of Z∗ above
the baseline Z∗ = 125. Both of our approximations perform significantly better than the first
order Linear Noise Approximation with respect to both the KL divergence and the KS distance
metric.

3.3 Peak Timing Distribution

Having obtained first passage time distributions for the number of cases to reach the level
Z∗, we translate the distribution forward in time using the deterministic model described in
Section 2.6 so that the mean peak time coincides with the peak obtained from the deterministic
SIR equations. The resulting peak time distributions using the Feller and Gaussian Process
approximations are shown in Figure 3. We also show the window of uncertainty around the
peak in which 95% of the distribution of peak times lie. This provides a useful tool for planning
the allocation of resources and interventions required during the peak of an epidemic, including
increasing hospital capacity [38].
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Figure 2: Comparison of estimated probability density functions for the First Passage Time
distribution with for R0 = 2 and Z∗ = 125 days, using the 105 simulations of the branching
process as a benchmark. We compare FPT distributions obtained via a) 103 simulations of
the branching process (labelled ‘BP approx.’), b) the exact non-central χ2 distribution for the
Feller process, c) 100,000 simulations of the Feller process (labelled ‘Feller’) and d) the exact
distribution for our Gaussian Process approximation (labelled ‘GP’).

ε = 10−3 ε = 10−4 ε = 10−5

Method Runs Time it/s Time it/s Time it/s

Gillespie 105 0:20:43 80.4 1:14:52 22.26 5:32:03 5.02
Euler-Maruyama 105 0:01:35 1045 0:02:13 746.79 0:04:29 370.79
Non-central χ2 N/A 0:00:25 392.43 0:00:25 393.06 0:00:25 392.21

Gaussian Process N/A 0:00:07 N/A 0:00:07 N/A 0:00:07 N/A

Table 1: Run times for each different method approximating the FPT distribution, for different
choices of ε. For large numbers of events, the Gillespie algorithm takes significantly longer to
run than the other methods of estimating the FPT that rely on uniform time steps of size
dt = 0.1.
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Figure 3: Deterministic outbreak for our baseline scenario with R0 = 2 and T ∗ = 34 days.
Starting from time t0 = T ∗, shown in green (dashed line), we solve the SIR equations for
an outbreak with I0 = Z∗ initial cases. We take the 5th and 95th percentile from the FPT
distribution (green band) which we translate forward in time to obtain the uncertainty around
the mean peak time (red band). Top left: peak timing uncertainty of 48 days due to the
Gaussian Process approximation. Top right: peak time distribution for the Gaussian Process
approximation, compared with the simulated distribution generated from the branching process.
Bottom left: peak timing uncertainty of 34 days due to the Gaussian Process approximation.
Bottom right: peak time distribution for the Feller diffusion approximation, compared with the
simulated distribution generated from the branching process.
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Figure 4: Convergence of approximated FPT distributions to the true distribution (estimated
via 105 simulations of the Gillespie algorithm) for an outbreak with R0 = 2, given different
choices of Z∗. We compare approximations using the non-central χ2 distribution (χ2), the
Gaussian Process approximation (GP) and the first-order Linear Noise Approximation (LNA)
using the Kullback-Leibler divergence and the Kolmogorov-Smirnov distance between distribu-
tions. We also compare our approximations with the 95th percentiles from 103 bootstrapped
samples of size 103 of the branching process simulated using the Gillespie algorithm. The
baseline Z∗ = 125 cases is plotted in red (dashed).
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Relative to the FPT distribution obtained from the Feller diffusion approximation, we find that
our Gaussian Process approximation has a longer-tailed FPT distribution. This accounts partly
for the somewhat poorer convergence of the Gaussian Process approximation to the underlying
distribution with respect to the Kolmogorov-Smirnov metric, and results in larger uncertainty
in estimating the peak time. For R0 = 2, we observe a 48-day window in which the peak is
likely to fall using the Gaussian Process approximation, compared with a 34-day window for
the equivalent Feller diffusion approximation.

4 Discussion

We have introduced two methods for approximating the temporal distribution for an epidemic
whose early growth phase can be modelled using a branching process to reach a certain number
of cases. We determine a suitable number of cases that should be reached in order for a
deterministic model to be appropriate, based on analytic properties of the branching process.
Once we obtain this time threshold, we are able to calculate the distribution in times taken for
the process to reach this level, which we then translate forward in time to obtain a distribution of
peak times for a deterministic approximation that starts with a stochastic growth phase.

Our first method uses the solution of the widely-used Feller process to approximate the dynamics
of the branching process, for which we obtain exact expressions using the Fokker-Planck equa-
tion. The second method makes an additional approximation to the square root of the Feller
process, which allows for a Gaussian process solution from which we obtain an approximate
FPT distribution.

The advantage of using our methods is threefold: Firstly, we show in Figure 4 that, for reaching
a large number of cases, our methods approximate the true FPT distribution better than the
distribution obtained via the Gillespie algorithm when only 103 trajectories are simulated. Sec-
ondly, our methods provide explicit expressions for the approximate distributions of both the
number of cases and the hitting times, which gives greater mathematical insight than simulation
alone. Finally, our approach is well suited to model calibration, particularly when estimates of
the FPT distribution are needed for many different combinations of parameter choices. Even
compared to only 103 trajectories obtained via the Gillespie algorithm, our methods require
much less computation time to approximate the FPT distribution (see Table 1). Whilst not as
close to the true underlying FPT distribution as the non-central χ2, the Gaussian Process ap-
proximation offers an advantage over the non-central χ2 in that it is straightforwardly applicable
to a wider range of processes than the ones considered in this paper. In particular, the authors
are currently working to apply these approximations to multi-type branching processes, but we
also envisage that our Gaussian Process approximation will be useful in time-inhomogeneous
settings and for more general branching processes.

We have applied our results for the FPT distribution to calculate the peak time for an epidemic
that evades extinction in the early growth phase. However, our results can be applied in a much
broader context than simply in mathematical epidemiology; indeed, branching processes have
been used to model the growth of cell populations, multi-strain dynamics, phylogenetic trees as
well as many other processes in biology and physics [39, 14, 40, 41].

Our methods presented in this paper enhance modelling of epidemics by accounting for the
uncertainty in the peak timing, but they can also help modellers to quantify the uncertainty
due to parameter choices. Our results are obtained in only a fraction of the computation
time taken to simulate the peak timing distribution using the full stochastic SIR model, which
makes our methods more suitable for conducting grid searches of parameter space in order to
quantify the parameter uncertainty in key model outcomes. We anticipate these approximations
being used for scenario planning, where a number of different potential outcomes need to be
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considered in order to provide insights for operational planning. In particular, our results
enhance deterministic models in this respect by providing a time window in which the peak
number of infections is likely to occur.

Code availability

The code needed to reproduce the results shown here is available at https://github.com/

JCurran-Sebastian/FirstPassageTime_Branching
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A Probability of Extinction for the Single-Type Branching Pro-
cess

Here we solve the Chapman-Kolmogorov backward equation (3):

∂Q

∂t
= βQ2 − ρQ+ γ,

subject to Q(0, s) = s in order to obtain the probability q(t) that an outbreak that starts with
an initial case at time t = 0 has gone extinct by time t. We note that (3) is a Riccati equation,
which can be solved by substitution. We first note, that Q(t, s) ≡ 1 solves the ODE, and so
the general solution takes the form Q(t, s) = 1 + u(t, s), where u(t, s) satisfies the first order
ODE:

u′ − (β − γ)u = βu2. (24)

Making the substitution u = 1/z(t, s) gives the linear ODE:

z′ + (β − γ)z = −β

⇒ z(t, s) =
β

γ − β
+Ae(γ−β)t.

Writing Q(t, s) = 1 + (1/z) and using the initial condition Q(0, s) = s to eliminate the constant
of integration A, we obtain the following expression for the generating function:

Q(t, s) =
γ(s− 1)− e(γ−β)t(βs− γ)

β(s− 1)− e(γ−β)t(βs− γ)
(25)

Finally, setting s = 0 in the above expression yields the expression for q(t) given in (4):

q(t) =
γ(e(γ−β)t − 1)

γe(γ−β)t − β
(26)

Note that q := limt→∞ q(t) = γ/β is the probability that an outbreak that begins with a single
infectious individual ultimately goes extinct.

B Solution to the Fokker-Planck equation for the Single-Type
Branching Process

We derive the solution of (8) by first taking the Fourier transform:

f̃(t, k) =

∫ ∞
0

f(t, x)e−ikx dx

and then solving the resulting PDE via the method of characteristics. We first note the following
properties of Fourier transforms: (̃

∂f

∂x

)
= ikf̃(t, k) (27)

˜(xf(t, x)) = i
∂f̃

∂k
(28)

and then, taking the Fourier transform of f(t, x) in (8), we arrive at the equation:

∂f̃

∂t
=

(
rk − iρk2

2

)
∂f̃

∂k
, (29)

subject to: f̃(0, k) = e−ikx0 .
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We now solve the above equation using the method of characteristics. Our aim is to find
equations for the curves that lie in the surface f̃ along which the value of f̃ is constant. These
are the characteristic curves of the PDE (29), parameterised by s, and are given by (t(s), k(s))
such that the tangent vector ∇(t(s), k(s)) has coefficients that satisfy:

dt

ds
= 1, t(s = 0) = 0,

dk

ds
= −rk +

iρk2

2
, k(s = 0) = k0

df̃

ds
= 0, f̃(t(0), k(0)) = e−ik0x0 . (30)

From the third equation, we see that our solution f̃(t, k) is constant along these characteristic
curves. The first equation implies that t = s, whilst, for the second, we have that:∫ k

k0

dv

rv − iρv
2

= −
∫ s

0
ds

⇒
[log(k)− log(r − iρk

2 )− log(k0) + log(r − iρk0
2 )]

r
= −t. (31)

Rearranging the above and isolating k0, we have that:

k0 =
kert

1 + iρk
2r (ert − 1)

. (32)

Finally, substituting our expression for k0 into the final equation of (30), we obtain an expression
for our solution f̃(t(s), k(s)) = f̃(t(s = 0), k(s = 0)):

f̃(t, k) = exp

[
−ikx0ert

1 + iρk
2r (ert − 1)

]
.

In order to simplify our expression for the Fourier transform of f(t, x), we now scale x so that
x→ 4rx

ρ(ert−1) . Finally, in order to obtain the characteristic function from the Fourier transform

of f(t, x), we also make the substitution k → −k so that we have:

f̃(t, k) = exp

[
iλk

1− 2ik

]
(33)

where λ =
4rx0e

rt

ρ (ert − 1)
.

Equation (33) is the characteristic function for a χ2 distribution with zero degrees of freedom and
non-centrality parameter λ, first described by A. Siegel in [29], whose p.d.f. is given by:

g(x;λ) =
1

2

√
λ

x
e−

1
2
(λ+x)I1(

√
λx), (34)

where I1(·) is the modified Bessel function of the first kind. The p.d.f. for for the number of
cases at time t in the Feller diffusion is therefore given by:

f(t, x) =
r

ρ
2(ert − 1)

√
ert

x
I1

(
2r
√
xert

ρ
2(ert − 1)

)
exp

(
− r(e

rt + x)
ρ
2(ert − 1)

)
,

where we have used the fact that, for a random variable X with p.d.f. f(x) and for a constant
c independent of x, the p.d.f. of cX is given by 1

c · f(xc ).
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Figure 5: Convergence of approximated FPT distributions to the true distribution (estimated
via 100,000 simulations of the Gillespie algorithm), this time for an outbreak with R0 = 3. The
equivalent plot for our baseline of R0 = 2 is shown in Figure 4

C Sensitivity Analysis

In order to provide sensitivity analysis for our results, we demonstrate the convergence of the
Feller and Gaussian Process approximations to the simulated Gillespie simulations of the FPT
distribution for outbreaks with R0 = 1.5 and with R0 = 3. For the outbreak with R0 = 1.5, we
also adjust the infectious period duration to 10 days, in order to show that our results can be
obtained with different lengths of infectious period. These results are shown in Figure 5.

We also obtain analogous figures for the peak timing distribution for different values of R0 and
with a different value of the recovery rate, γ = 10−1. These results are shown in Figure 6.
Comparing the results in Figures 5 and 6 with those of Figure 4, we see that across all values
of R our approximations achieve good convergence to the true underlying FPT distribution.
The non-central χ2 distribution consistently outperforms the Gaussian Process approximation
in terms of convergence, which reflects the fact that the Gaussian Process requires a further
approximation of the square root of the Feller Process. We noted in Section 3.3 that the
Gaussian Process approximation results in a fatter-tailed peak time distribution than for the
true distribution based on the branching process approximation. This results in the Gaussian
Process approximation performing worse with respect to the Kolmogorov-Smirnov metric than
with respect to the Kullback-Leibler divergence. This also suggests that the Gaussian Process
approximation captures the overall distribution reasonably well, but that it captures the shape
of the tail less accurately than our other methods.

We also note that, whilst the non-central χ2 distribution provides a similar level of accuracy
across all values of R0 tested, the Gaussian Process approximation performs significantly better
for higher values of R0. With R0 = 1.5, the lowest value of R0 that we tested, the Kullback-
Leibler divergence in the Gaussian Process is of order 10−3, which improves to an error of order
10−5 for R0 = 3. This improvement in the KL divergence as R0 increases is also reflected in the
KS distance between the Gaussian Process and the true underlying distribution.
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Figure 6: Convergence of approximated FPT distributions to the true distribution (estimated
via 100,000 simulations of the Gillespie algorithm), for an outbreak with R0 = 1.5. In this
example, we also adjust the recovery rate γ so that infected individuals recover on average after
10 days.

D Peak Timing for the Stochastic SIR Epidemic

We compare our results on the peak timing distribution for the branching process using the
Gillespie algorithm followed by a deterministic approximation once the threshold Z∗ = 125
cases has been reached, with those obtained by simulating the full stochastic SIR epidemic. For
the stochastic SIR epidemic, we have the transitions:

(S, I)→ (S − 1, I + 1) with rate
βSI

N
(S, I)→ (S, I − 1) with rate γI.

As for the branching process, we simulate trajectories of the stochastic SIR epidemic using the
Gillespie algorithm. A comparison of the FPT distributions based on the branching process
and the full stochastic SIR model is shown in Figure 7.
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Figure 7: True peak time distribution (estimated via simulation of the SIR epidemic using
the Gillespie algorithm) compared with approximated peak time distribution based on the
approximating the early growth phase with a branching process followed by a deterministic
approximation once Z∗ = 125 cases have been reached.
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