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Abstract
In many texts, the transition from classical mechanics to quantum mechanics is
achieved by substituting the action for the phase angle. The paper presents a
different approach to show some connections between classical and quantum
mechanics for a single particle for an audience at graduate and postgraduate
levels. Firstly, it is shown that a wave equation of action can be derived under
the free particle condition and the Legendre transform. The wave-like solu-
tions of the action, Hamiltonian and momentum of the free particle are pre-
sented. Using the discrete approximation, the equation of motion of a single
particle, in scalar potential field, is obtained in a similar form to Schrödinger’s
equation. The rest of the paper discusses the propagation, superposition of the
wave-like dynamic variables and their connections to quantum mechanics. The
superposition of the variables of a particle is generally distinct from the
superposition of classical waves (e.g. acoustics). The quantum superposition
provides a self-consistent interpretation of the wave-like solutions of the
variables. Connections between the classical and quantum relations for
corresponding variables are observed from the one-to-one comparisons.

Keywords: wave-like variable, particle, classical mechanics, connections,
quantum mechanics

1. Introduction

The physical pictures of a particle and a wave are distinct and well-established in various
fields of classical mechanics [1–5]. The emergence of quantum mechanics has revealed the
inherent connections between the two common pictures as necessary but distinctive aspects of
elementary particles [6–13]. The connections between classical particle dynamics and
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quantum mechanics have been studied and reported in the literature [1, 4, 13–30]. The
transition from the Hamiltonian formalism to the Schrödinger picture has been investigated by
several authors. The substitution of the action for the phase in the Hamilton–Jacobi equation
has been presented in the literature [10–19]. At the same time, the influence of the free
particle condition on the action itself has not received much attention. In this paper, an
approach (that requires the knowledge of classical mechanics at graduate and postgraduate
levels) is presented to show the connections between classical and quantum relations. It is
shown that the free particle condition and the Legendre transform leads to a linear homo-
genous wave equation of action. The wave equation of the action provides the wave-like
solution for certain dynamic variables (e.g. action, Hamiltonian and momentum) of the
particle. This enables these specific dynamic variables to be expressed in a similar form to the
corresponding quantum relations.

To start with, it is assumed that the status of the particle can be characterised via its
dynamic variables over the space and time. From classical mechanics, a free particle requires
that the velocity, Hamiltonian and momentum of the particle are invariant under time evol-
ution. The free particle condition gives a set of first-order homogenous equations of the above
dynamic variables. At the same time, the Legendre transform provides first-order relations
between the action, the Hamiltonian and the momentum of a particle. Considering the two
sets of first-order relations simultaneously, it can be shown that the action of a free particle is
governed by a linear homogenous wave equation. This provides wave-like solutions of action,
Hamiltonian and momentum for a free particle. The solutions of the free particle can be
further extended to the cases with conservative potentials using an approximation approach.
Equation of the motion of a single particle in scalar potential field is obtained by
approximation.

The rest of the paper discusses the propagation and superposition of the wave-like
dynamic variables and its connections to quantum mechanics. The propagation of wave-like
dynamic variables from multiple-trajectory is investigated using Maupertuis’ principle. On
one hand, the superposition of the physical variable along different trajectories occurs from
the feature of the wave-like solution. On the other hand, the superposition of the wave-like
dynamic variables does not follow the superposition of classical waves. It is then realised that
the rule of quantum superposition is a promising way to provide a self-consistent picture. This
motivates further comparison of the obtained classical relations and the quantum relations of
the variables. The observed one-to-one correspondences between the two sets of relations are
discussed. The main points of the work are summarised in the conclusion section of the paper.

2. Detailed procedures

2.1. Equation of action for a free particle

Consider the dynamic variables of a particle that are functions of displacement r t ,( ) velocity
r t( ) and time t defined in the Cartesian coordinate. For a free particle, the dynamic variables
of the particle are invariant with respect to the evolution of time dt as in the following
relations,
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where H and P denote the Hamiltonian (energy) and momentum of the particle. From the
Legendre transform, the action and its relations to the Hamiltonian and momentum of a
particle are,

ò ò òº = -r r P rS L t t H t, , d d d , 4( ) ( )
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It should be noted that the first-order partial derivative of the Hamiltonian H and momentum
P given in equations (1) and (2) can be expressed using the partial derivatives of the action S.
Additionally, the total derivative of the momentum in equation (1) vanishes and the
acceleration term in the equation (2) vanishes under the free particle condition. Hence, a
second-order differential equation of action can be constructed by substituting equation (5)
into equations (1) and (2),
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The second-order mixed derivatives of action are commutative under the smoothness
condition,
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Dividing equation (6) by the velocity term, substituting the rest of the equation into
equation (7) and using the commutative relation in equation (8) gives a linear second-order
partial differential equation with respect to the action with only pure spatial and time
derivatives, that is,
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The Hamiltonian and momentum of the free particle at initial condition = =r t0, 0 are
denoted by H0 and P0, respectively. Using the Taylor expansions, the velocity of the free
particle from the Hamiltonian and the momentum is,
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Under the free particle condition, the first term remains and the rest of the partial derivative
terms vanish due to the vanishing of dP with respect to time as in equation (2). Substituting
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the above expansion into equation (9) yields the linear homogenous wave equation of the
action,

⎛
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2.2. Plane wave solutions of dynamic variables

From the theory of differential equation [31], the non-trivial solutions of the wave equation
are in the form of plane waves and their linear superposition. Assuming the real part of the
action integral is zero at initial condition = = =rS t0, 0 0,real ( ) the plane wave solution of
the action is,

f= - rS S ti , , 12¯ ( ) ( )
where

f = =q w-r t, e e 13kr ti i( ) ( )( )

is the phase factor, S̄ denotes the magnitude of the action (independent of space and time) and
the imaginary unit i denotes the phase shift from the initial condition. It is worth to note that
for any non-zero magnitude ¹S 0 ,( ¯ ) the action follows the wave-like solutions over space
and time. According to equation (5), the Hamiltonian and momentum of the free particle
become,

f
wf

f
f=
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= = -
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kH S
t

S S Si , i . 14¯ ¯ ¯ ¯ ( )

These describe a wave-like solution of the dynamic variables that remain unchanged during
the time evolution. It can be seen that the above solutions satisfy the free particle condition as
the total time derivative of the phase factor vanish identically f =td d 0. Substituting the
initial condition for the Hamiltonian and momentum of the free particle in equation (14), one
obtains,

w= =P kH S S, . 150 0 0 0¯ ¯ ( )
The above relations show that the magnitude of action S̄ is independent of the Hamiltonian
and momentum of the particle. They are also similar to the de Broglie relations in quantum
mechanics if the magnitude of action S̄ is replaced by the Planck’s constant . With the aid
of the above relations and from the definition of linear differential operator, the equation (14)
can be further written in the linear differential operator forms as,
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From equation (15), the phase velocity of the plane wave is given as

w
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H
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Moreover, the phase factor in equation (13) can be rewritten using the magnitude of action,
the Hamiltonian and the momentum of the free particle as,

f = =q -r t, e e . 18P r H t Si i 0 0( ) ( )( ) ¯
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Using Euler’s formula, the relation between the small variation of the phase angle Δθ and the
small variation of the action ΔS can be deduced approximately,

q q qD = - - = - D + D - = Dq q q qDS S S Si e e 1 i e cos i sin 1 e , 19i i i i¯ ( ) ¯ ( ) ¯ ( )

where the following approximations for small phase angle condition qD  0( ) are used to
derive the last equality in equation (19),

⎛
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q
q
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»
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1 20( )

and

qD »cos 1. 21( )

It should be noted that the action-phase relation presented in the literature such as [9–12], is
 qD = DS . However, it can be seen that equation (19) has an additional phase factor

compared to the reference, as the action in equation (12) is a complex-value function. The
magnitude of action variation is proportional to the phase angle. As pointed out in [11], there
should be a constant with the unit of action if the action integral is considered as the phase
angle. From equation (19), this constant seems to be the magnitude of action S̄ that comes
from the wave solutions of action in equation (12).

2.3. Particle in a scalar potential field

The governing equation of the particle in a scalar potential field can be deduced from the
above plane wave solutions. For example, a massive particle that travels in a scalar potential
field is considered. From the rectangular method in approximation theory, the scalar potential
field can be approximated by small segments as shown in figure 1. At each small segment, the
potential is approximated as constant and the free particle condition given in equations (1)–(3)
is valid locally. Therefore, the corresponding Hamiltonian and momentum operator of the free
particle at the small segment n are,

f
f

f
f

¶
¶

= -
¶
¶

=
r

PS
t

H Si , i . 22n
n n

n
n n

¯ ¯ ( )

It should be noted that the expression of the wave-like solutions of the Hamilton and
momentum of the particle should be consistent to the relations in classical particle dynamics
(non-relativistic),

Figure 1. Approximation of a scalar potential field by small segments.
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Substituting the above relation into equation (22), one obtains the governing equation of the
particle at segment n,

f f
f

¶
¶

=
- ¶

¶
+

r
rS

t

S

m
Vi

2
. 24n n

n n

2 2

2
¯ ¯

( ) ( )

At the point between the adjacent small segments, free particle condition does not hold due to
the potential force. However, if the length of segment is sufficiently small and the potential
field is sufficiently smooth (e.g. quadratic function), the potential force becomes sufficiently
small at the adjacent points. Therefore, the phase factors and their first and second spatial
derivatives at the adjacent segments are approximately continuous, that
is f f -  <+ ¥ .n n n1∣ ∣ If the potential function is piecewise smooth, the spatial
derivative of the phase factor has discontinuities at the jump points. Nevertheless, within
the smooth potential region, the index of the segment in the above equation can be dropped
under the limitation of small segment, that is,

f f
f

¶
¶
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- ¶

¶
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t
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Vi

2
. 25

2 2

2
¯ ¯

( ) ( )

Moreover, the discretisation of the potential into small segments provides an intuitive picture
of the potential force. From the property of complex exponential function, the new phase
factor of the particle fn+1 is equal to the multiplication of a phase factor Δf (due to the step
change of the potential) by the old phase factor of particle fn,

f f f f= ⋅ D = ⋅ w
+

D -De , 26kr
n n n

t
1

i ( )( )

where

w w wD = - D = -+ +k k k , 27n n n n1 1 ( )
Δk and Δω denote the change of the Hamiltonian and momentum due to the potential force,
respectively. As the phase factor Δf is linked to a free particle, the effect of potential force is
linked to a potential particle. The process of interaction is similar to the local elastic collision
of two free particles as in classical mechanics [3].

2.4. Further extensions

The results presented in sections 2.2 and 2.3 are based on the plane wave solutions of the
dynamic variables. The linearity of the action wave equation enables the simple generalisation
of the above results using the principle of superposition. From the principle of superposition,
the general solution of the action in equation (11) can be expressed as the linear combination
of the individual plane wave solutions,

å f j= - = -
=

r rS S a t S ti , i , , 28
i

m

i i
1

¯ ( ) ¯ ( ) ( )

where

åj f=
=

r rt a t, , 29
i

m

i i
1

( ) ( ) ( )

is the general wave-like solution and ai is the normalised coefficients of the linear
combination. Similarly, the general solutions of the Hamilton and momentum of the particle
can be expressed as the linear combination of the plane wave solutions,
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Following similar procedures to those presented in section 2.3, the general form of the
governing equation of a single particle in scalar potential field can be derived by substituting
the above relations in equation (25),

j j
j j j
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=
- ¶

¶
+ =
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r rS

t
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m
V ti

2
, , . 31

2 2

2
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Recalling Schrödinger’s equation presented in the literature [9–12], the above equation is seen
to have a similar form to time-dependent Schrödinger’s equation in quantum mechanics. The
phase factor j of the dynamic variable and the magnitude of action S̄ serve similar roles as the
wave function ψ and the Planck’s constant , respectively. It is also worth to note that the
above equation is only valid in the smooth region of the potential field. At the point of
discontinuity, the presented approach does not usually guarantee a general smooth solution.
In order to obtain a general solution of the above equation, extra continuity conditions of the
solution at each discontinuity point are necessary.

As can be seen from section 2, on one hand, dynamic variables such as action, Hamilton
and momentum have wave-like solutions and therefore they have wave-like behaviour under
time evolution. On the other hand, other variables such as time, displacement, velocity and
acceleration of a particle do not have wave-like solutions. Therefore, those variables should
not have wave-like behaviour. Since the particle is characterised via its dynamic variables, the
wave picture of the particle is shown from only wave-like variables. Other variables do not
contribute to the wave picture of the particle. It should be also noted that the wave-like
behaviour of dynamic variables is intrinsic and does not rely on the presence of the external
fields. This is the basis for the difference with classical fields such as acoustic waves. A detail
discussion on this issue is presented in the following sections.

3. Discussions

3.1. Maupertuis’ principle and wave behaviour

From classical mechanics, the trajectory of a conservative particle is generally determined
from the principle of least action (Maupertuis’ principle), which states that the particle
chooses the trajectory that minimises the action between the initial and final positions, as
shown in figure 2. For example, considering a free particle travelling from the initial to the
final positions, since the solution of the action in equation (13) is time-invariant, the wave-
front of the different paths have the same action when they arrive to the final position. If the

Figure 2. Propagation of action waves along different trajectories.
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principle of least action is applied, the particle is allowed to take many distinct trajectories
along the initial and final positions. It should be noted that parallel trajectories do not violate
the Maupertuis’ principle, since the principle does not require the trajectory to be unique but
states that the allowable trajectory should have the minimum action value [1–3].

The wave-like solutions of the Hamiltonian and the momentum will propagate along
different trajectories that are similar to the propagation of action waves. In detail, the
wavefront of the Hamiltonian (or momentum) share the same value when they arrive to the
final position. The only difference between the two waves along different trajectories is the
time of travelling. However, if waves along different trajectories have enough time to reach
the final position, the dynamic variables like Hamiltonian, momentum and action carried by
these waves yield the same result. Since the particle is characterised via its dynamic variables,
the wave-like variables that travel along different trajectories will contribute to the same
picture of the particle at the final position.

The phenomenon of wave superposition is well-established in various fields of classical
mechanics (e.g. acoustics [32]). However, it is worth to point out that the superposition of the
above dynamic variables does not follow the rule of superposition of the classical waves (e.g.
acoustic waves). Since the classical superposition involves both the magnitude and the phase
of the variables, the magnitude of any superimposed variable (e.g. acoustic intensity) varies
depending on the phase differences between the trajectories. On the other hand, the magni-
tudes of the dynamic variables of a free particle are required to be invariant through the time
evolution. Figure 3 shows an example of superposition of wave-like variable based on a
double-split experiment. According to the classical rule of superposition, the superimposed
variable at bright finger has constructive interference and its magnitude is simply the sum of
the two trajectories. If one applies the classical rule of superposition for wave-like variables
such as momentum, it is easy to see that the magnitude of superimposed momentum will
violate the conservation law since the sum of momentum from different trajectories (at final
position) are not equal to momentum (at initial position).

3.2. Comparisons to quantum mechanics

Recalling from the literature such as [8], the quantum superposition rule states that the
resultant wave function is the sum of the wave function from individual path. Applying the
rule to the superposition of the wave-like dynamic variables, the magnitude of superimposed
variable is preserved during the superposition. The phase factors from individual trajectory
participate in the wave superposition. However, this does not change the magnitude of the
superimposed variable at the final position. Besides the rule of superposition, technical
similarities between the obtained results and the quantum relations are observed. For example,
it can be seen that the expressions of the obtained wave-like solution and the wave function in
quantum mechanics are similar. Table 1 compares the corresponding expressions of the

Figure 3. Superposition of wave-like variable based on a double-split experiment.
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constant, the dynamic variables and phase factor of a particle from the classical and the
quantum relations.

From the table, the expressions in the classical relations have the same mathematical
forms as the quantum relations. More specifically, the two sets of relations are connected from
the following two substitutions,

 j y« «r rS t t, , , . 32¯ ( ) ( ) ( )

The differences between the two set of relations are also straightforward to observe. Firstly, it
can be seen that the magnitude of action and Planck’s constant serve similar roles in the
corresponding relation. From section 2, the magnitude of action is an undetermined constant
from the non-trivial plane wave solution. This quantity is well-defined in quantum mechanics
as Planck’s constant that measures the quanta. Moreover, it can be seen that the expression of
the phase factor has the same structures as the particle wave function in Schrödinger’s
equation. The phase factor in classical relations plays a similar role to the particle wave
function in quantum relations.

As the expressions in the left columns are directly based on classical mechanics, the
above similarities show the connections between the classical and quantum relations. It is also
worth to note that the above comparison mainly focuses on the formalism of wave mechanics
presented in the standard text of quantum mechanics such as [10–12]. Just as there are parallel
formalisms in classical mechanics, there are many parallel formalisms in quantum mechanics
which are not discussed in this paper. The discussions of various parallel formalisms of
quantum mechanics can be found in the literature such as [28, 29] and recently in [30].

4. Conclusions

This paper investigates the wave-like variables of a particle within the framework of classical
mechanics in two steps. Firstly, from the free particle condition and Legendre transform, a
linear homogenous wave equation of action is derived by using the two set of first-order
relations simultaneously. The solutions of the dynamic variables of the particle are investi-
gated from the wave equation. Dynamic variables such as action, Hamiltonian and

Table 1. Comparison of the corresponding classical and quantum relations.

Classical relations: Quantum relations:

Phase factor (plane wave): Wave function (plane wave):
f = -r t, e Pr Ht Si( ) ( ) ¯ y = -r t, e Pr Hti( ) ( )

Hamiltonian (plane wave): Hamiltonian (plane wave):
w=H S̄ w=H

Hamiltonian (operator): Hamiltonian (operator):

=
¶
¶

H S
t

iˆ ¯ =
¶
¶

H
t

iˆ
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=P kS̄ =P k
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¶

P
r
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P
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momentum have been shown to be governed by wave-like solutions. The expressions of those
variables have similar forms to expression in quantum mechanics. Other variables such as
time, displacement, velocity and acceleration of a particle do not show the wave-like beha-
viour. With the variables solution obtained, it is also shown that the magnitude of action
variation is proportional to the small variation of phase angle. Since a particle is assumed to
be characterised via the dynamic variables, the wave-like dynamic variables provide an
intrinsic wave-like picture of the particle.

The solutions obtained from free particle conditions are further extended to the situation
of a conservative scalar potential for a single particle. Instead of using the substitution
between action and phase angle in the Hamilton–Jacobi equation, a potential discretisation
procedure is employed in the derivation. By dividing the potential field into small segments,
the free particle equation is first setup. The obtained governing equation under smooth
potential has a similar form to the Schrödinger equation. It should be noted that the obtained
governing equation is only valid in the smooth potential region. The discretisation procedure
also provides an intuitive link between the potential force and elastic collision in classical
mechanics. Based on the principle of superposition, generalisations of solution of dynamic
variables and corresponding governing equation of a particle are presented.

The rest of the paper discusses the obtained result under the framework of classical
principle and its connections to quantum mechanics. The free particle case is considered
under the Maupertuis’ principle. For the wave solutions of action, it is found that there is
more than one trajectory that can provide the minimum action. In fact, the propagation of
wave-like variable under time evolution does not violate the classical principle. The
contribution of waves from different trajectories leads to the superposition of the dynamic
variables at the final position. On one hand, the superposition of the wave-like dynamic
variables does not follow the rule of superposition of the classical waves. On the other hand,
the quantum superposition rule provides a self-consistent interpretation of the superposition of
the wave-like dynamic variables. The connections between the classical and quantum rela-
tions for corresponding variables are observed through direct comparison. Generally, the
approach presented in this paper is mainly based on classical mechanics and it requires the
audience at graduate and postgraduate level background.
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