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Edge modes and non-local conductance in graphene superlattices

Rory Brown1,∗ Niels R. Walet1,† and Francisco Guinea1,2‡
1School of Physics and Astronomy, University of Manchester, Manchester, M13 9PY, UK and

2Imdea Nanoscience, Faraday 9, 28015 Madrid, Spain
(Dated: Friday 8th December, 2017)

We study the existence of edge modes in gapped Moiré superlattices of graphene monolayer ribbons
on a hexagonal boron nitride substrate. We find that the superlattice bands acquire finite Chern
numbers, which lead to a Valley Hall Effect. The presence of dispersive edge modes is confirmed
by calculations of the band structure of realistic nanoribbons using tight binding methods. These
edge states are only weakly sensitive to disorder, as short-range scattering processes lead to mean
free paths of the order of microns. The results explain the existence of edge currents when the
chemical potential lies within the bulk superlattice gap, and offer an explanation for existing non-
local resistivity measurements in graphene ribbons on boron nitride.

Introduction. Even before the characterization of
monolayer graphene, it was proposed that semi-infinite
ribbons constructed from a honeycomb lattice of carbon
atoms supported electronic states localized at the edges
[1, 2]. Many boundary conditions lead to a flat disper-
sionless band of edge modes [3], although some bound-
ary conditions such as the armchair edge do not [4, 5].
When additional terms in the Hamiltonian, such as a
hopping between second nearest neighbor sites [6] or elec-
tron interactions [7] are considered, these bands become
weakly dispersive. The existence of an approximately flat
band suggests the presence of magnetism at the edges of
graphene, a topic already considered before the charac-
terization of graphene [8], see also [9, 10]. Nevertheless,
experimental evidence of the existence of these states
has remained elusive [11], although recent results sug-
gest the presence of electronic transport along the edges
of graphene ribbons [12, 13].

As discussed below, we are interested in edge transport
in insulating single layer graphene superlattices which
show a gap at the Dirac point, as is observed experimen-
tally for graphene on hexagonal boron nitride (BN). As
mentioned above, edge states are present in simple mod-
els of gapped graphene, although they do not lead to edge
transport as these bands are flat and separated by a gap.
The situation is slightly more complicated in gapped bi-
layer graphene, where the edge bands are dispersive [14]:
here the edges are metallic even when the bulk is insu-
lating. The effects of the Moiré superlattice in twisted
bilayer graphene have been studied previously [15, 16],
and will not be covered in depth here. Recent numerical
calculations suggest that dispersive edge modes are re-
sponsible for non-local resistivity measurements in single
layer graphene on a BN substrate [17]; we shall demon-
strate that this is a generic feature of Moiré superlattices
in monolayer graphene on BN, which can be attributed
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to a Valley Hall Effect.

The existence of flat bands in semimetallic and gapped
single layer graphene can be justified on topological
grounds [18, 19]. Band crossings and gapless edges are
typical of topological insulators [20, 21]. A topological in-
sulator is characterized by its Chern numbers, invariant
integrals over the bands in the Brillouin Zone. Surface
modes within a given gap arise when these numbers are
finite. It can be shown that the non-trivial gapless edge
modes in bilayer graphene can be understood if each val-
ley is considered an independent electronic system: the
integrated Chern number for each valley allows us to de-
fine these valleys as topological insulators [22]. We note
that the integrated Chern number per valley in simple
models of gapped single layer graphene is a half-integer,
instead of an integer as in a topological insulator [23].
The existence of a finite Berry curvature is not sufficient
to turn each valley into a topological insulator, and thus
explains the persistence of the gap in a monolayer, de-
spite the existence of edge modes. For the case of gapped
bilayer graphene, the existence of gapless edge modes is
experimentally supported by a number of non-local trans-
port measurements [24–28].

A mechanism which induces a gap in monolayer
graphene involves the formation of a commensurate su-
perlattice between graphene and a BN substrate, where
the slight lattice mismatch leads to large-unit-cell su-
perlattices [33–38]. Typically, these superlattices have
a unit cell built from about 50 × 50 graphene unit cells.
Gapped single layer graphene superlattices show strong
evidence of electronic edge transport [28, 39, 40] (see also
[12, 41]). It has been suggested that in addition to edge
modes, topological currents derived from bulk states can
contribute to the observed valley currents [42]. In this
Letter we shall demonstrate that interactions with the
BN substrate produce edge modes that are dispersive in
the vicinity of the Dirac points and have energies within
the bulk gap, turning these superlattices into valley Hall
insulators. The resulting edge modes act as conduction
paths where the gap would otherwise prevent electronic
transport. The bulk electronic structure of graphene su-
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FIG. 1. Schematic representation of the even (left) and odd
(right) parity scalar and vector potentials; each potential has
an equivalent strength of 0.05 eV. The color scale gives the
value of the local scalar potential. The vector potential de-
scribes changes in the local bond lengths due to the lattice
mismatch with the substrate; lattice deformations are exag-
gerated by a factor of 10 for illustration purposes. Other
sources of a gauge potential are also possible [29]. For details
of the gauge potential, see [30].

perlattices formed through interactions with a BN sub-
strate is reasonably well understood. If the resulting su-
perlattice has a long wavelength compared to the bond
lengths, the bonds in graphene undergo only a slight dis-
tortion. We can describe this in terms of a periodic in-
teraction depending on only six parameters (seven if a
constant gap is included). This means that we only con-
sider coupling via the first harmonic functions of the su-
perlattice, which is sufficient given the large size of the
superlattice unit cell compared to that of graphene [30].
A number of models can be used to obtain reasonable
values for these parameters [29, 43–48].

In the following, we analyze the formation of edge
states in superlattices of monolayer graphene on BN.
We use topological arguments to show that the superlat-
tice potential induces non-trivial integer Chern numbers,
turning each valley in monolayer graphene into an effec-
tive topological insulator. This is supported by exten-
sive numerical calculations of the electronic structure for
nanoribbons of graphene on BN, which show that topo-
logical edge states within a spectral gap are a generic
feature of our Hamiltonian. As a result these superlat-
tices become effectively gapless even if the bulk shows a
significant gap, ∆bulk ≈ 50− 100 meV. We define the lo-
cal current operator and find that the resultant current
distribution along the width of the graphene nanoribbons
is in agreement with experimental results [28]. Finally,
we estimate that the localization length due to edge dis-
order is sufficiently large for edge transport to contribute
to measurements in graphene devices.

The model. Superlattice bands and Berry curvature.
The band structure and electronic Berry curvature of
superlattices in graphene on BN can be analyzed us-
ing the Dirac equation, where the superlattice poten-
tial is included by diagonalisation in a truncated basis
of unperturbed plane waves, while ensuring that the re-
sults converge with respect to the basis size truncation,
as explained below. The superlattice potential includes
the seven terms mentioned above; the Hamiltonian thus
describes monolayer graphene with modulated effective
fields. Apart from the uniform constant gap, these are
two scalar potentials, mass gaps, and gauge fields, each
with even or odd parity (denoted as V e,o

s , V e,o
∆ , V e,o

g ), see
[49]. We neglect the small intervalley coupling terms.
The modulation of the six potentials only depends on
the first star of reciprocal lattice vectors, G. Here a star
is made up of equivalent vectors in the reciprocal lat-
tice, and each subsequent star is further removed from
the origin [30]. The first star includes the six recipro-
cal lattice vectors which generate the even and odd first
harmonic functions of the superlattice. A schematic rep-
resentation of the effect of these perturbations is shown in
Fig. 1. This is sufficient to describe interactions between
graphene and BN, but not Moiré systems in general.

The electronic structure of the superlattice is deter-
mined by diagonalization of the Hamiltonian in a basis
of momentum wavefunctions,

|ψk〉 =
∑

i=1,··· ,nmax

∑
j=1,··· ,ni

αi,j |k +mijGj〉e,h ,

where k is a wavevector within the superlattice Brillouin
Zone, e, h denote electron and hole states, the set {Gj}
with j = 1, · · · , 6 is the first star of reciprocal lattice
wavevectors, and the vectors mi,jGj label the jth vec-
tor in the ith star of reciprocal lattice vectors, which in-
cludes ni vectors equivalent by symmetry. The degen-
eracies of the first 5 stars are ni=1,··· ,5 = {6, 6, 6, 12, 6}.
The total number of states included in the Hamiltonian
for nmax = 1, · · · , 5 is nstates = {14, 26, 38, 62, 74}. The
number of superlattice subbands that we obtain is equal
to nstates. The diagonalization of the Hamiltonian allows
us to determine the coefficients αi,j and the eigenstate
|ψk〉. We have checked that the results for the subbands
near the Dirac energy have converged as function of nmax.

Once the eigenenergies and eigenvectors of a given
band are calculated we numerically evaluate the Berry
curvature at discrete points k of the superlattice Brillouin
Zone, as well as the Chern number, the integrated Berry
curvature, using the method by Fukui et al [50]. The
Berry curvature for the subbands of a graphene superlat-
tice with the superlattice perturbations (V e,o

s , V e,o
∆ , V e,o

g )
and a constant average gap (δ) is shown in Fig. 2. These
results are for the experimentally relevant case of a com-
mensurate superlattice with aligned graphene/BN crys-
tallographic axes and a periodicity of 50 graphene unit
cells; we have verified that the existence of finite Chern
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FIG. 2. (a) Subbands of a 50 × 50 unit cell su-
perlattice, with all perturbation potentials and an av-
erage unmodulated gap δ, (V e

s , V
o
s , V

e
∆, V

o
∆, V

e
g , V

o
g , δ) =

(21, 38, 6, 0,−42,−21, 50) meV. The Chern densities for the
conduction band (b) and first excited band (c) add up to
Chern numbers 0 and 1, respectively.

numbers in the superlattice subbands is not sensitive to
the choice of physically reasonable superlattice parame-
ters. The Chern number typically changes from one sub-
band to the next. If each valley is considered separately
this behavior describes a topological insulator, the num-
ber of edge states within a given gap equal to the sum of
the Chern numbers of the occupied bands. This system is
usually called a valley Hall insulator. A particular valley
gives rise to one or more one dimensional bands which
circulate around the edges of the sample with a single
orientation. The other valley induces a band circulating
with opposite chirality.

Superlattice nanoribbons. Having established that the
non-trivial Berry phases in the subbands lead to topo-
logically insulating behaviour, we now analyze the elec-
tronic properties of graphene nanoribbons with a similar
superlattice structure. We use a real space tight-binding
model, and assume a triangular superlattice. Unit cells
containing up to 48 × 48 graphene unit cells, a realis-
tic size, have been considered; smaller superlattice unit
cells give qualitatively similar results [30]. In the case
of the largest cells, the nanoribbon width accommodates
only 3 supercells. We have checked that this is sufficient
to obtain well converged results, the nature of the edge
states no longer changing when adding further cells. The
superlattices considered include an uniform gap and six
parameters to describe the superlattice modulation [49].
We take the values of these parameters to first order to
be the same as in our continuum model, and consider
zigzag nanoribbons as this is the generic boundary condi-
tion describing straight edges [3]. For a superlattice with

3n×3n graphene unit cells in the supercell the number of
bands at the edge is 4×n, occupying the entire Brillouin
zone parallel to the nanoribbon direction, 0 ≤ k‖d ≤ 2π,
where d is the length of the nanoribbon unit cell. The
bulk K and K ′ points correspond to k‖d = 0.

Typical results are shown in Fig. 3. For most combi-
nations of parameters we find edge modes that are dis-
persive near the Dirac points, with multiple crossings;
these tend to be near k‖d = 0, and the bands involved
are localized at opposite edges. The bands fill a signifi-
cant fraction of the bulk gap: for instance, for the exam-
ple given in Fig. 3, of all the states with energies rang-
ing from −0.5 ≤ E ≤ 0.5 eV, 28% lie in the gap region
(−0.1 ≤ E ≤ 0.1 eV); see also [30].

While the folding of the bands of graphene with a uni-
form gap leads to dispersionless bands at the edges of
the gap, the velocity associated to the dispersive bands
in the presence of a superlattice can be close to the bulk
Fermi velocity vF. These results are consistent with the
formation of a topological valley insulator. Note that our
choice of superlattice cell size makes possible intervalley
scattering at the edges, although the results suggest that
it must be weak.

We have modelled the current distribution for cases
when the Fermi energy, which varies along the ribbon
due to an applied potential, intersects a dispersive band.
We describe the current going through a bond between an
orbital at position ri and a neighboring orbital at position
rj as tijIm〈n, kF|c†i cj |n, kF〉, where |n, kF〉 describes the
wavefunction of the band n at the momentum kF where it
intersects the Fermi energy. Typical results are shown in
Fig. 3b. They agree qualitatively with the experiments
reported in [28]; this is generally true irrespective of the
details of the superlattice parameters [30].

Effects of disorder. We expect the edge states to be
localized by disorder. The previous analysis shows that
the surface bands are similar to those of a valley Hall
insulator near the projection of the K and K ′ points;
near these points the bands disperse with a velocity of
the order of the Fermi velocity, v1D ≈ vF. Backward
scattering is only possible through short-range defects.
If the range of these defects is of the order of the lattice
spacing, a, and their concentration is c2D, the contribu-
tion of this short-range scattering to the two dimensional
inverse scattering time is

~
τ sr
2D

≈ V̄ 2
2Da

2c2DD2D(ε2D
F ) ≈ V̄ 2

2Da
4c2Dk

2D
F

~vF
(1)

where V̄ is the strength of the potential created by a
single defect and D2D(ε) is the density of states.

The decay length of the edge states ξ must be much
larger than a, so that the matrix element which describes
scattering at the edge by a single impurity is reduced by
a factor (a/ξ)2 [51]. The typical size of the decay length
is ξ & (~vF)/∆, where ∆ is the gap within which the
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(a) (b)

FIG. 3. (a) The band structure for nanoribbons 144 lattice sites in width, with a superlattice unit cell of 48 × 48 graphene
unit cells; we have labeled k = k‖d. Flat bands localized at the nanoribbon edges lie within the average bulk gap, and produce
a peak in the density of states. Most importantly, they provide conduction channels for low-energy edge transport. (b) The
current distribution across nanoribbons of superlattice cell size 12 × 12 and 48 × 48 graphene unit cells. Assuming a small
voltage and a midgap bias, only bands with energy En in the ranges -0.1 ≤ En ≤ 0.1 eV and -0.05 ≤ En ≤ 0.05 eV, respectively,
are included. In both figures the superlattice parameters are the same as in Fig. 2.

edge modes are defined. For ~vF ≈ 6 eV × Å and gaps
of order ∆ . 0.1 eV, we find ξ & 102 Å. The inverse
scattering time for the edge states is

~
τ1D
≈ a2

ξ2

V̄ 2a2c2Dξ

~v1D
+
a2

ξ2

V̄ 2
edgea

2cedge

~v1D
≈

≈ V̄ 2a4c2D

ξ~vF
+
V̄ 2

edgea
3

ξ2~vF
, (2)

where we have introduced short range defects character-
ized by an energy V̄edge and a concentration cedge ≈ a−1

at the edge. The order of magnitude of k2D
F at the

scales where the edge modes are defined is k2D
F ≈ ξ−1 ≈

∆/(~vF), so that we obtain

~
τ1D
≈ ~
τ sr
2D

+
V̄ 2

edge∆2a3

(~vF)3
. (3)

The contribution of bulk short range scattering to the
transport time is small [52], as the mean free path is
mostly determined by long range scattering processes.
For a ≈ 1 Å, ∆ . 100 meV, and V̄edge ≈ 1 eV, we obtain
a mean free path for the edge channels

`1D = v1Dτ1D ≈
(~vF)4

V̄ 2
edge∆2a3

& 1µm. (4)

The localization length at the edge is approximately
given by `loc

edge ≈ `1DNch, where Nch is the number of
channels. In the present case, each edge mode which
crosses the Fermi level defines a channel. Even for
Nch ∼ 1, we obtain a localization length compatible with
the dimensions of the samples described in [28].

Conclusions. We have analyzed the nature of edge
states in superlattices of gapped graphene on BN. We

have shown that non-trivial patterns of Berry curvature
are induced in the superlattice Brillouin Zone, giving
rise to Chern numbers which are typically non-zero and
change from subband to subband; topological edge modes
are thus generic for a Hamiltonian describing modulated
fields in monolayer graphene, as is suitable for graphene
on BN. The precise value of these numbers depends on de-
tails of the superlattice potential, although they are gen-
erally present provided that physically reasonable super-
lattice parameters are used. The existence of finite Chern
numbers in the superlattice bands leads to a Valley Hall
Effect. These results are confirmed by real space calcula-
tions for superlattice ribbons. We find dispersive bands
and crossings near the corners of the Brillouin Zone.

Currents along the superlattice edges are degraded
by short-range intervalley scattering, whereas in clean
graphene samples electronic transport is limited by long
range, intravalley scattering. The effect of disorder lo-
calized at the edges is suppressed by the long decay
length of the states, due to the small size of the gaps.
Simple estimates of the mean free path and localization
length associated to edge disorder gives values in the or-
der of microns. This provides an explanation for the
low resistivities found in electronic transport measure-
ments of graphene on BN [39], (see also [17]). We have
demonstrated that the superlattice is of importance to
the transport properties of graphene on a substrate such
as BN, or as a means to measure the Valley Hall Effect.

We would like to thank M. Ben Shalom, V. Fal’ko,
A. Geim and J. Walbank for useful conversations. This
work was supported by funding from the European Union
through the ERC Advanced Grant NOVGRAPHENE
through grant agreement Nr. 290846, and from the Euro-
pean Commission under the Graphene Flagship, contract
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