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Abstract

Grain boundary migration in the presence of concentrated sources of heat is
a complex process that has a considerable impact on resultant material prop-
erties. A phase �eld model is presented incorporating thermal gradient and
curvature driving force terms to predict how a poly-crystalline network evolves
due to the application of such heat sources, as grain boundaries migrate due to
local boundary curvature and time varying thermal gradients. Various thermal
scenarios are investigated, in both two and three dimensions. These scenarios in-
clude both partial and full penetration laser induced melting, the application of
a linearly varying time-independent thermal �eld, and successive melting events
where regions experience multiple melting and solidi�cation cycles. Compar-
isons are made between the microstructures predicted by the proposed phase
�eld method, during the various thermal scenarios, that agree with commonly
observed phenomena. Particularly interesting is the ability to explain the di�er-
ences in grain morphology between the full penetration and partial penetration
welds using the phase �eld model and associated driving force magnitudes be-
tween the two scenarios. The model predicts the restoration of grain boundary
networks in regions experiencing multiple melting events, and explains the dif-
ferences in grain morphology due to the local curvature and thermal gradient
e�ects.

Keywords: Phase Field, Thermal Field, Re-Melting, Thermal Gradient, Grain
Boundary Migration

1. Introduction

Understanding solid-to-liquid transitions in advanced processes such as ad-
ditive manufacturing and welding is fundamental in establishing causal relation-
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ships between process parameters, emerging alloy microstructures and proper-
ties. These are crucial for the development of integrated computational ma-
terials engineering (ICME) tools in order to predict location speci�c material
properties. To achieve this aim a multi-scale materials modelling approach
to the solidi�cation process is required that explicitly simulates emerging mi-
crostructures as a function of spatial and temporal changes of an applied heat
source. Due to the extreme conditions found within a high energy density beam,
a number of challenges arise in trying to simulate the resulting microstructure.
The large spatial variation in the incident energy density associated with these
processes results in steep thermal gradients that rapidly evolve. The evolution
of the thermal �eld in a material subjected to such a high energy density source
is in�uenced by the complex �ows of the liquid metal, and gives rise to a rich
range of potential grain structures (equiaxed and columnar). A number of nu-
merical schemes have been developed over the last few decades for modelling
grain nucleation and growth. However, to the best of the author's knowledge,
no such computational studies have been reported in the scienti�c literature
focusing on remelting events commonly encountered in additive manufacture or
fusion welding.

The migration of grain boundaries is an important phenomenon during the
processing of poly-crystalline materials. Grain boundaries migrate in response
to driving forces acting upon them in such a manner as to minimise the total
free energy in the entire system. Following grain boundary (GB) migration, the
resulting microstructure has signi�cant e�ects on the macro-scale properties
of the material. The coarsening of grains and migration of grain boundaries
may favourably or adversely a�ect the properties in�uenced by a component's
microstructure [1]. Mechanical, thermal and electromagnetic properties are all
a�ected by altering the microstructure and grain size distribution. As such,
mechanisms governing the microstructural evolution are of great interest both
academically and industrially.

There are a number of physical mechanisms reported in the scienti�c litera-
ture that contribute to the driving forces dictating GB evolution [2]. The most
relevant sources include stored deformation energy, the GB energy due to the
curvature of the boundary, and forces arising from applied external �elds. The
applied external �elds may include a global elastic deformation, or perhaps an
applied magnetic �eld if the material is susceptible. One of the most common
externally applied �elds is a thermal �eld. The resulting driving force on the
grain boundaries due to a thermal gradient causes the boundary to migrate up
the applied energy gradient as atoms traverse from the hotter side of the GB to
the colder side [2, 3]. An applied temperature �eld initiates a thermal gradient,
causing migration of the grain boundaries explicitly, as well as increasing the
mobility of grain boundaries; hotter grains are more able to migrate subject to
other driving forces, such as the curvature driving force.

It has been a primary goal of computational e�orts in materials science to
develop the capability to model microstructural evolution under realistic condi-
tions with predictive accuracy [4, 5]. Several techniques have emerged for the
simulation of grain growth; Monte Carlo (MC) Potts model [6, 7], vertex model
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[8], cellular automata [9] and the phase �eld (PF) method [10, 11] are the most
common methods used. Despite signi�cant di�erences in underlying method-
ology, the di�erent approaches have been shown to predict similar behaviour
in simulations of two dimensional coarsening. The MC method for simulating
coarsening of grains has proven popular due to favourable computational costs
when compared with the PF approach [6]. Although the computational expense
of the PF method is relatively high, due to the need to appropriately resolve
the �eld boundaries, a major advantage of this approach is its scope for incor-
poration of the applied driving forces on grain boundaries. These forces cannot
be readily incorporated into statistical approaches and may lead to the develop-
ment of complex microstructures. It is now possible to simulate a microstructure
using the PF method, such that the simulated volume is statistically signi�cant
and representative [12].

In a PF formulation, the boundary energy is introduced through gradient
energy terms in the free energy functional similar to the treatment of anti-phase
domain boundaries by Allen and Cahn [4, 13]. The main advantage of this model
is that continuous tracking of GB position is not required since the locations of
grain boundaries are implicitly de�ned by the regions where the gradients of �eld
variables are non-zero. Also the Gibbs-Thomson e�ect is naturally incorporated
in the governing equation [4, 14, 15]. The PF method, is considered to be
the most versatile and mature approach for simulating coarsening phenomena,
particularly in the presence of multiple phases or gradients of concentration,
stress or temperature [16, 17]. Presented in this work is a constrained multi-
phase �eld model, extended to incorporate the driving force on a GB due to
large thermal gradients, such as those present in the high energy density beam
welding of metallic alloys [15].

The primary focus of this paper is to present a theoretical and numerical
framework to study grain structure evolution during a remelting event. In par-
ticular, to derive statistical behaviour from PF modelling of interface motion
across complex thermal �elds representing fusion welding of a titanium alloy sys-
tem. A PF scheme is presented in Section 2, which includes thermal gradient
contributions to the evolution of the order parameter. In this section, a method
to consider isotropic GB behaviour is discussed. Section 3 presents the �uid
mechanics model used to simulate the development of a fusion weld represent-
ing Ti-6Al-4V. Process conditions associated with partial and full penetration
welds are simulated, as well as scenarios where the material undergoes numerous
melting and solidi�cation cycles. Numerical results and discussion are given in
Section 4 corresponding to simulations of the high energy density melting sce-
narios, as well as the simulation of the microstructural behaviour in a linearly
varying thermal �eld. Finally the conclusions of the work are summarised in
Section 5.

2. Phase Field Model

Historically, the form of the free energy in the derivation of the PF evolu-
tion equations has been assumed to be isothermal and boundary motion driven
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primarily by local curvature. In the presented work, terms are added to the free
energy expression to represent the driving force on the grain boundaries due
to spatial and temporal variations in the global temperature �eld. In general
the velocity of a migrating boundary, v, is found by taking the product of the
GB mobility with the driving pressure acting upon it. The driving pressures
acting on the grain boundaries in the presented work are considered to be the
curvature driving pressure, Fc, and the thermal gradient driving pressure, Ft.
The GB velocity is then given as the superposition of these pressures as

v = m (Ft + Fc) (1)

The curvature driving pressure has been investigated in many works and is given
by Fc = −σκ, where m is the GB mobility, κ is the local curvature and σ is the
GB energy. [2, 15]. The thermal gradient driving pressure, Ft, has not received
the same level of scrutiny. Ft was �rst stated in the book by Gottstein and
Shvindlerman [2] and the derivation provided by Bai et al. [18]. It is trivial to
extend the one dimensional temperature �eld provided by Bai et al. to a three
dimensional �eld [18]. The equation for Ft is then given as

Ft =
2λ∆S

Ω
∇T (2)

where ∆S is the entropy di�erence between the GB and the crystal which is
approximately equal to the melting entropy, 2λ is the GB width, T is the temper-
ature and Ω is the molar volume of the material which may readily be found from
the density and molar mass. The validity of the assumptions in the derivation
of Ft (that ∆Ui and ∆Si are temperature-independent) has been investigated
using a number of molecular dynamics simulations. It has been found that the
proposed theoretical expression for the thermal gradient driving force, shown in
Equation 2, is valid [18]. The GB velocity due to the superposition of the local
curvature and thermal gradients is then given by

v = m

(
∆S2λ

Ω
∇T − σκ

)
(3)

m is strongly temperature dependent and is often assumed to follow an Arrhenius-
type relationship of the form

m = mo exp

(
− Q

kBT

)
(4)

where Q is the activation energy for the GB under consideration, m0 is a pre-
exponential constant and kB is the Boltzmann constant.

In the PF model, boundaries between �elds representing grains are consid-
ered as di�use interfaces of a �nite width. The orientation, or phase, of the �eld
changes gradually over this boundary. An order parameter, φn, is utilised to
represent the orientation in the model consisting of N grains. In the presented
PF model the GB energy and mobility are assumed to be isotropic, so that
they do not vary with relative misorientation of the boundaries. Consider a GB



5

between two regions, φn = 1 and φm = 1. At the interface between these two
�elds the magnitude of the φn and φm �elds varies smoothly in such a manner
that the sum of the �elds, indeed the sum over all order �elds in the domain
remains unity [13, 19, 20]

N∑
n=1

φn = 1 (5)

The di�use interface approach has been chosen for several reasons. The di�use
interface model maintains the force balances at triple junctions. The model also
adopts the parabolic potential with a double obstacle, which results in a de�nite
boundary within the PF, preventing di�use transport of �elds into neighbouring
grains [4, 21]. A step function is de�ned to determine the number of co-existing
phases as shown in Equation 6. The number of phases co-existing at a given
point is then given by Equation 7

sn =

{
1; ∀φn > 0
0; ∀φn = 0

(6) S =

N∑
n=1

sn (7)

In order to determine the evolution of the N-coupled PFs that represent the
grains, one must consider the free energy within the system, and the driving
forces arising due to this energy. In the presented work the free energy is
presented as an integral of the density functional over the domain Ω. The
density functional is split into two parts: the GB energy density fGB (x, t); and
the thermal energy density fT (x, t)

F (t) =

ˆ
Ω

{fGB (x, t) + fT (x, t)} d3x (8)

The evolution equation for the PF is given by

∂φq
∂t

=
2Mφ

S

N∑
p 6=n

spsn

(
δF

δφn
− δF

δφp

)
(9)

where Mφ is the isotropic PF mobility [4, 15]. The variation in the free energy
density due to the GB curvature and thermal gradient driving forces is given by
Equation 10

δF

δφn
=

N∑
m6=n

(
ε2

2
∇2φm + ωφm −

µ

2
∇φm · ∇T

)
(10)

where ε is the gradient energy coe�cient, T is the temperature, µ is the temper-
ature gradient energy coe�cient, and ω is the height of the parabolic potential
with a double obstacle. The �nal term on the RHS of Equation 10 is naturally
proposed for the thermal gradient contribution; this expression will be shown
to reproduce the expected behaviour of a boundary in a thermal gradient as the
boundary migrates to minimise the total free energy in the system. Removing
this term produces the familiar PF expression for the evolution of a boundary
network due to curvature driving forces [14, 15]. The parameters ε, ω, µ and
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Mφ have de�nite relationships with the GB energy, σ, PF boundary width, 2ξ,
boundary entropy di�erence, ∆S, GB width, 2λ, alloy molar volume, Ω, and
mobility m of a GB.

2.1. Sharp Interface Limit Analysis

The interface width, 2ξ and GB energy σ, for a boundary between two grains
are given by 2ξ = πε/

√
2ω and σ = π

8 ε
√

2ω respectively [4, 15]. To determine
the relationships between the other PF GB parameters, in order to simulate
physical systems, further considerations must be made. Consider a boundary
between two �elds φq and φn, utilising Equation 5, Equation 9 reduces to

φ̇q = Mφ

[
ε2∇2φq + µ∇φq · ∇T + ω (1− 2φq)

]
(11)

The PF mobility,Mφ, has a relationship with the GB mobility, m. The relation-
ship may be found by considering a shrinking grain in spherical co-ordinates,
as �rst considered by Allen and Cahn [13]. Consider a spherical q �eld with
curvature κ, in a position dependent temperature �eld. Using a general expres-
sion for the divergence of a gradient vector to a scalar �eld, Equation 11 may
be expressed as [22]

1

Mφ

∂φq
∂t

=
v

Mφ

dφq
dr

= −ε2 d
2φq
dr2

− ε2κdφq
dr

+ µ
dφq
dr
∇T + ω (1− 2φq) (12)

where v is the �eld shrinkage velocity, dr/dt. A sharp interface limit of 1/κ � ξ
is assumed [13, 15]. Integrating Equation 12 from 1/κ− ξ to 1/κ + ξ yields

[
− v

Mφ
φq

]1/κ+ξ

1/κ−ξ
=

[
ε2
dφq
dr

+ ε2κφq − µφq∇T − ωr (1− 2φq)

]1/κ+ξ

1/κ−ξ
(13)

At the upper bound of the sharp interface limit, 1/κ + ξ , the value of the φq
�eld tends to zero and the value of the gradient of the �eld variable with respect
to r also tends to zero; at the lower bound of the sharp interface limit, 1/κ − ξ
, the value of φq tends to unity, the value of dφq/dr tends to zero. Inputting the
values of the �eld variable, the gradients of the order parameter and the limits
of the integration into Equation 13, it can be shown that

− v

Mφ
[0− 1] = ε2κ [0− 1]− µ∇T [0− 1] (14)

Therefore, the GB mobility can be expressed as

v = Mφ

(
µ∇T − ε2κ

)
(15)

Equating this expression for the PF velocity with the expression for the GB
velocity, Equation 3
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Mφ

(
µ∇T − ε2κ

)
= m

(
2λ∆S

Ω
∇T − σκ

)
(16)

Considering the case of a �at boundary, such that the curvature, κ = 0, all
relationships between PF and GB properties may be determined. In this case
the expression for µ is

µ =
m

Mφ

2λ∆S

Ω
(17)

When the original curved boundary is considered, and this expression is inserted
into Equation 16 it is clear thatMφε

2κ = mσκ. ThereforeMφ = mσ/ε2 = π2m/16ξ

and after substituting for m/Mφ in the expression for µ

µ =
16ξ2λ∆S

π2Ω
(18)

The above equations describe isotropic grain growth due to the curvature and
thermal gradient driving forces. It is worth noting at this point that the ex-
pression µ is similar to that found by other authors [3], considering thermal
driving forces on grain boundaries but neglecting the adoption of the parabolic
potential term, using the alternate PF approach of Moelans et al. [23].

3. Computing the Transient Thermal and Phase Field

This work focuses on the simulation of microstructure evolution during melt-
ing and remelting events, such as those encountered in fusion welding. The
previous section presented an interface framework to simulate solidi�cation. In
order to implement the thermal gradient driving force and temperature �eld into
the PF model, a representative thermal �eld must be computed. This section
will give a theoretical outline of the metal solid-liquid transition during fusion
welding for predictions of the thermal �elds required by the PF model. There
are various methods by which an appropriate temperature �eld, representative
of the welding process, may be obtained. One may wish to perform a �nite
element simulation and treat the domain as a solid body and apply a repre-
sentative area or volumetric heat �ux distribution in motion, solving the heat
equation for the desired temperature [24]. Another method would be to ob-
tain the analytical solution for a representative heat source model and therefore
remove numerical uncertainties from the calculation procedure [25]. However,
such approaches are limited. An alternative is to directly calculate the thermal
�elds from the dynamics of the liquid metal. This will involve full thermal �uid
simulations of a high power laser incident on the surface of a substrate material,
fully capturing the solid to liquid state transition as well as the momentum �eld
in the domain and coupled temperature �eld. Such a framework is implemented
in the current work for the computation of the temperature �eld.

The momentum and other �uid properties of the mixture are formulated as
a single momentum equation coupled with equations for energy and continuity.
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These are solved to rationalise the evolution of the metallic and gaseous phases.
The metallic phase was treated as a single material (metal) with multiple phases
(solid, liquid and gas). The standard balance of forces and conservation of mo-
mentum and energy is used and the model assumes that the Reynolds number
of the molten liquid metal is su�ciently low such that a laminar solver is ap-
propriate. Similar assumptions are made in other computational �uid dynamics
(CFD) modelling approaches for fusion welding [26�28]. To simulate the laser
interaction with the material, an engineering approximation of a laser volumet-
ric heat source (e.g. [29]) is used to represent the multiple re�ections by a
volumetric energy density.

A brief summary of the physical phenomena used in simulating the inter-
action between heat source and material is as follows. The solid, liquid and
vapour metal constitutive behaviours are de�ned within the metallic phase by
introducing appropriate phase transformations depending on the temperature,
being either below the solidus, between the solidus and liquidus temperature,
above the liquidus temperature or above the vaporisation temperature. Above
the vaporisation temperature, metal liquid transforms to metal vapour. The
latter vapour phase is assumed to be converted into atmospheric gaseous phase.
The loss of metallic phase, due to evaporation when the evaporation tempera-
ture is reached, is included into the Navier-Stokes (momentum) equation of the
liquid metal and metal vapour. It also includes reaction surface forces, in the
present treatment, from vaporisation (as a function of the vapour recoil pressure
[27, 30�32]), surface tension and Marangoni force. All surface forces act only on
the metal liquid/vapour interface. In addition, the buoyancy force term caused
by density di�erences due to thermal expansion and a damping force associ-
ated with the frictional dissipation in the mushy zone given by Carman-Kozeny
equation which is an enthalpy method for phase changes [33, 34] are used. The
thermal energy is coupled with a momentum contribution and balanced between
the heat input due to the source term, QT , proposed by Xu et al. [29], and the
heat loss due to conduction, convection, radiation and evaporation [35, 36].

A volume of �uid approach was adopted for the thermal-�uid calculation;
here the sum of metal α1 and gas α2 phase fractions is maintained at unity,
α1+α2 = 1. The weight function of any parameter x, de�ned as x̄ = x1α1+x2α2,
is used to smear out the e�ect of metal and gas phases. To rationalise the melt
dynamics, �uid �ow and heat transfer equations needed to be solved. Starting
with the assumption of incompressible �uid the continuity condition on the
velocity �eld u is written as

∇ · u = 0 (19)

The computation domain is divided into a metallic α1 region and atmospheric
gaseous α2 regions. The solid, liquid and vapour metal constitutive behaviours
are de�ned within α1 by introducing appropriate phase transformations depend-
ing on the temperature, being either below the solidus, between the solidus and
liquidus temperature, above the liquidus temperature or above the vaporisation
temperature. The volume occupied by the α1 phase will evolve through the
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following di�erential equation,

∂α1

∂t
+ ∇ · (α1u) = −ṁV

ρ2
(20)

where t is time, and the sink term in the right hand side (RHS) of Equation
20 describes the loss of metallic phase due to evaporation when the evaporation
temperature Tv is reached. In this work, ρ2 is referred to the density of metal
vapour which is equivalent to the atmospheric gas phase as chemical species
is not distinguished here. The mass evaporation rate ṁv is a function of the
vapour recoil pressure pv. The governing �eld equation describing the �ows of
the liquid metal in weld pool and metal vapour is the Navier-Stokes equation,

∂ρ̄u
∂t + ∇ · (ρ̄u⊗ u) = −∇p+ ∇ · Tv

+fbuoyancy + fmelting + fsurface
(21)

where Tv is the viscous deviatoric stress tensor, p is the hydrostatic pressure and
ρ̄ is the density. Three source terms are present on the RHS of Equation 21. The
buoyancy force term fbuoyancy is caused by density di�erences due to thermal
expansion. The melting source term, fmelting damping force associated with
the frictional dissipation in the mushy zone given by Carman-Kozeny equation
which is an enthalpy method for phase changes [33, 34] are used. A number
of mechanisms contribute to the surface force, fsurface, including normal and
tangential components of surface tension; where in the present treatment the
tangential component of surface tension arises due to the temperature dependent
Marangoni convection e�ect. The Marangoni force is a thermo-capillary force
that arises from temperature gradients across the liquid/gas interface [37�39].
The conservation of thermal energy is given as,

∂ρ̄C̄pT
∂t + ∇ · (ρ̄uC̄pT ) = −∂ρ̄∆H∂t −∇ · (ρ̄u∆H)

+∇ · (k̄∇T )− [QV |∇α1|+QT ]
2C̄pρ̄

(Cp1ρ1+Cp2ρ2)

(22)

where T is the temperature, C̄p is the speci�c heat of the metallic phase and
H is the latent heat. Equations 20, 21 and 22 are solved to quantify the �ow
dynamics of the melt. By solving the set of governing equations, the evolution of
melt kinetics and liquid/gas interface change can be analysed and rationalised.
A detailed model description is to be published elsewhere [40�42] and model
parameters were adopted from [43�45].

3.1. Computational Procedures

The thermal �uid �ow calculation has been developed using the C++ open
source code OpenFOAM (Open Field Operation And Manipulation) toolbox.
A solver for two incompressible, non-isothermal immiscible �uids using a vol-
ume of �uid phase-fraction based interface capturing approach is adopted from
Panwisawas et al. [42]. The phase �elds and thermal �elds are coupled by a
staggered time integration procedure. For any given time-step, Equations 20, 21
and 22 are solved using a volume-of-�uid approach to capture the temporal and
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spatial evolution of liquid metal/gas interface to capture the transient physical
e�ects during the heat source-material interaction of a fusion welding process.
The weighted average is used to take into account two immiscible �uids as one
e�ective �uid throughout the calculation domain. The model makes use of the
two-�uid Eulerian model for two-phase �ow, where phase fraction equations are
solved separately for each individual phase. The physical properties are calcu-
lated based on the distribution of the liquid volume fraction, and thus they are
equal to the properties of each �uid in their corresponding occupied regions and
varied only across the interface. In this model, a sharper interface resolution
is considered through an additional convective term originating from modelling
the velocity in terms of weighted average of the corresponding liquid and gas
velocities is introduced into the transport equation for phase fraction. To allow
sharp interface resolution, numerical di�usion, which is unavoidably introduced
through the discretisation of convective terms, can be controlled and minimised
through the discretisation of the compression term. In order to ensure stability
of the solution procedure, the calculations are performed using a self-adapting
time step which is adjusted at the beginning of the time iteration loop based on
the Courant number. Moreover, in order to achieve a proper coupling between
velocity and pressure it is necessary to adapt the PISO (Pressure Implicit with
Splitting of Operators) loop to the momentum equation and derive a new pres-
sure equation for each time step. The three dimensional temperature �eld is
then passed to the PF calculation portion of the code where the spatial gradi-
ents of the temperature �eld are calculated. The evolution of the PF variables
is then calculated by solving Equation 9 over the entire domain, and all order
parameters, using the forward Euler method to update the PF variables, φ.

Once a point in the computational domain exceeds the solidus temperature of
the Ti-6Al-4V system under consideration, the PF variable, φ, at this location
is assigned a random orientation. This randomisation of the PF variable in the
molten regions of the system is performed at every time-step in the simulation
until the region solidi�es once again and ensures that no grain structure is
permitted to develop in the melt.

The e�ect of the GB width, 2ξ, on the accuracy of the PF simulation was
investigated, as will be discussed in Sub-section 4.1, and it was determined that
increasing the number of cells in the boundary region leads to improved accuracy
of the simulation accuracy. There is however a trade-o� between accuracy and
computation time. In the simulations of grain-boundary networks in this work
the PF boundaries were permitted to span a minimum of 10 cells. This appeared
to be a reasonable compromise between the solution accuracy and computational
e�ciency of the PF simulation.

4. Results and Discussion

Whilst direct microstructural comparisons are not made in the presented
work; a number of scenarios are investigated and the e�ect of parameter alter-
ations are investigated and commented on in the resulting predicted microstruc-
ture. All simulations in the current work are representative of Ti-6Al-4V. Mate-
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rial and model parameters associated with the CFD have been determined from
previous work [42]. The parameters for the PF simulation are shown in Table 1
The molar volume of Ti-6Al-4V is calculated from the density and molar mass.
The relative entropy di�erence between the boundaries and bulk in the domain,
∆S, is estimated from the melting enthalpy. The pre-exponential factor, m0,
present in Equation 4 for the Ti-6Al-4V system is not known and there is very
little information of this parameter for engineering alloy systems. However, pure
aluminium alloy systems have been investigated and therefore the value of this
parameter is taken from this work [46]. It is worth noting that the simulations
were far more sensitive to the activation energy, Q, than the pre-exponential
factor, m0, and so this is a reasonable assumption.

Table 1: Parameters used in the PF simulation of Ti-6Al-4V microstructures.

Parameter Ti-6Al-4V

σ
(
kg s−2

)
[47] 0.81

Ω
(
mm3mol−1

)
100.3× 103

∆S
(
kgmm2 s−2K−1mol−1

)
152.9× 106

Ts (K) 1878.0
Q (eV )[48] 1.0
2λ (nm) 5.0

m0

(
mm2 s kg−1

)
[46] 178.0

The parameters in Table 1 are not trivial to determine. Certain parameters
have a greater e�ect on the GB motion in the temperature �eld and therefore
the resultant distribution in grain sizes. The activation energy, Q, has a drastic
e�ect on the mobility of the grain boundaries in the simulation. It is therefore
crucial to have a representative value for this parameter corresponding to the
material being simulated. For a given time varying thermal �eld; a higher Q will
tend to reduce the GB mobility over the network while a lowerQ will increase the
network mobility. Therefore if the activation energy value inserted into the PF
simulation is too low compared with the physical value for the given material,
the PF simulation would over-predict the amount of coarsening occurring in
the region under consideration and the grain size distributions would be shifted
towards a larger grain size. As shown in Equation 3 the GB width, 2λ, entropy
di�erence, ∆S, and molar volume, Ω, have a direct in�uence on the migration
velocity in the PF model. Inserting a value for 2λ into the PF computation
that is too low with respect to the physical value will dampen the velocities of
the boundaries over the temperature range and e�ectively reduce the amount of
coarsening occurring in the simulation. A value for ∆S that is erroneously low
will have a similar e�ect while a low value for Ω will have the opposite e�ect as
this term appears in the denominator rather than the numerator for the driving
force expression.
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4.1. Investigating a Single Grain Boundary present in a Linear Thermal Field

In order to investigate the e�ect of the thermal gradient driving force, a
single GB was considered. A 2D domain, 20µm wide and 10µm high, was
seeded with two grains; the domain contained 500, 000 calculation points, in a
grid of 1000 × 500. Figure 1a shows how a boundary in a thermal gradient of
18.9× 106Km−1 migrates over 2.03µs.

Figure 1b shows the location of a PF boundary, with a width of 400nm, as
a function of for various thermal gradients. The mobility of the boundary was
arbitrarily set to m = 1 for this investigation.

(a) Initial position, (a), and position at 2.03µs, (b), for
a boundary in a thermal gradient of 18.9× 106Km−1.

(b) PF boundary location as a func-
tion of time for various thermal gra-
dients.

Figure 1: Behaviour of a single boundary, with κ = 0, in various thermal gradient magnitudes,
and the e�ect that these gradients have on the migration velocity.

The agreement between the phase �eld boundary location, and the analyti-
cally predicted boundary location found by integrating Equation 3 is extremely
good and provides con�dence in the presented phase �eld model.

4.2. Grain Boundary Network Migration in a Linear Thermal Field

The evolution of a GB network in a constant thermal gradient was inves-
tigated; in order to ascertain the di�erences in morphology of the resultant
microstructure due to the curvature driving force alone as well as the combined
curvature and thermal gradient driving forces. In this simulation the mobility
of the grain boundaries followed the Arrhenius-type mobility relationship de-
scribed in Equation 4. 3200 grains in a thermal gradient of 1.58 × 106Km−1

were seeded in a domain of 1mm × 1mm; the right side of the domain was
maintained at the solidus temperature of the alloy, with the opposite side at
300K. The initial grain distribution is achieved using a Voronoi tessellation,
which is shown in Figure 2 (a). The evolution of the GB network is then shown,
neglecting the thermal gradient driving force, in Figures 2 (b), (c) and (d). In
Figures 2 (e), (f) and (g) both the thermal gradient and boundary curvature
driving forces are present.
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Figure 2: GB network evolution due to curvature driving forces (a, b and c) and due to the
combined e�ect of curvature and thermal gradient driving forces (d, e and f) from an identical
initial grain distribution in a linearly varying temperature �eld. (a) and (d) correspond to a
time of 0.12× 10−3 s, (b) and (e) to 4.92× 10−3 s, and (c) and (f) to 9.84× 10−3 s. Certain
grains are highlighted for discussion

As can be seen from Figure 2, only the grains located in regions where
the Arrhenius-type mobility is su�ciently high, i.e. where the temperature is
su�ciently high, for boundary migration to occur have undergone any grain
coarsening. The grains highlighted in red in Figure 2 in the left-half of their
respective domains, for both the curvature and combined driving force cases,
have experienced little to no coarsening. The e�ect of the thermal gradient
driving force can be clearly seen in Figures 2 (d), (e) and (f); the thermal
gradient driving force has caused grains in the hotter region of the domain to
preferentially migrate up the thermal gradient. The grain highlighted in red and
pointed to by the blue arrow experiences coarsening due to the curvature driving
force in both cases. However, with the additional thermal gradient driving force
the grain has also preferentially migrated up the thermal gradient to the point
where it no longer exists inside the computational domain in Figure 2 (f). The
net e�ect of the additional thermal gradient driving force is to shift the grain
size distribution towards the larger grain sizes, this is due to grains migrating to
the hot side of the domain and being consumed as their coldest grain boundaries
continue to migrate up the thermal gradient in order to minimise the total free
energy in the entire system. The domain size does not change, so as there are
fewer grains on average, their average size must naturally increase.

The imposed thermal gradient of 1.58× 106Km−1 is of the magnitude one
may expect the substrate to experience in high energy density beam welding
applications. In these applications the material will exist in solid, �uid and
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vapour states over distances of a few mm. While the e�ect of the curvature
driving force in the simulation is dominant, it is clear that the thermal gradient
driving force should not be omitted when considering GB network evolution in
the presence of steep thermal gradients.

4.3. Grain Boundary Migration in a High Energy Density Thermal Field

A temperature �eld, the generation of which is described in Section 3, is
used to simulate the evolution of a GB network subject to the application of a
high power density welding heat source. The applied heat source density, QT ,
causes a solid to �uid state change within the metallic region of the computa-
tional domain, an example of this can be seen in Figures 3 and 4. The region
of the computational domain containing the gaseous phase is omitted from the
�gures in this section for clarity. However, for completeness it should be noted
that the metallic region of the domain was surrounded by gaseous regions above
and below the metallic regions shown. As molten regions of the domain cool
below the solidus temperature at the solid-liquid boundary, and φ is no longer
randomised, their curvature is relatively high and so these �elds tend to shrink.
Existing �elds neighbouring these newly precipitated �elds which tend to have
lower curvature in the solid region tend to grow. In the case where the tempera-
ture decreases rapidly following solidi�cation, there may be insu�cient time for
the boundaries to migrate, as the mobility is a strong function of temperature,
and so in this case a series of �elds with a high curvature may remain. In any
case the �elds tend to migrate up the thermal gradient due to the additional
thermal gradient free energy driving force. Various temperature �elds will be
analysed and the di�erences in the resulting microstructures described in terms
of the PF model.

4.3.1. Partial Penetration Melting

In this case the energy density from the laser source is insu�cient to gen-
erate a melt-pool throughout the thickness of the domain. Figure 3 shows the
time evolution of the temperature and |φ| �elds inside the metallic region of the
computational domain, representative of Ti-6Al-4V grains, as the melt-pool
traverses the region. The two dimensional evolution of the GB network, con-
sidering isotropic GB behaviour, is shown in Figure 4 at four sequential time
steps.
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Figure 3: Three dimensional PF simulation of the microstructural evolution around a partial
penetration melt-pool in Ti-6Al-4V. The thermal and PF magnitudes are shown for four
sequential time instances;(a) t=1.25 ms: (b) t=3.46 ms: (c) t=6.92 ms: (d) t=9.44 ms.

In the vicinity of the melt pool, the temperature is su�ciently high to in-
crease the mobility of the grain boundaries and enable migration due to their
relative curvature and local thermal gradients. The three-dimensional simula-
tions produce �elds corresponding to grains of similar morphology to the two-
dimensional simulations which are shown in Figure 4.

Figure 4: Two dimensional PF simulation of the microstructural evolution around a partial
penetration melt-pool in Ti-6Al-4V as the domain cools and the material solidi�es. The
thermal and PF magnitudes are shown for four sequential time instances; (a) t=1.09 ms: (b)
t=2.19 ms: (c) t=6.67 ms: (d) t=13.23 ms.

Figure 5 shows the grain size distributions for the partial penetration weld.
The equivalent diameter is calculated by idealising the irregular grains as circles
or spheres.
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Figure 5: Probability density functions for the GB evolution in a partial penetration weld.

As can be seen in Figures 4 and 5, the e�ect of the thermal cycle on the GB
network is to drastically reduce the number of grains in the domain. As molten
region of the domain shrinks and the newly solidi�ed grains are consumed, due
to the high local thermal gradients in the region of the solidi�cation front and
the large curvature of these new �elds, columnar grains grow perpendicular to
the solidi�cation front. Following solidi�cation the temperature is su�ciently
high for coarsening to proceed for a considerable time. The cooling rate of
the domain is low enough that any equiaxed grains that develop in the central
region of the domain tend to have su�cient time to be consumed by the incident
columnar grains.

4.3.2. Full Penetration Melting

In this case the energy density from the laser source is su�cient to extend the
melt-pool through the entire thickness of the substrate material; This is referred
to as a full penetration weld. The cooling rate of the molten metallic region is
higher for the full penetration case as there are two regions where the metallic
�uid was in contact with the gaseous region, the upper and lower surfaces, as
opposed to the single region in the partial penetration case where only the upper
surface has metallic �uid exposed to the gaseous region. Convection and radia-
tion occur at these locations, with a high temperature gradient at the interface,
causing the full penetration domain to cool at a higher rate and therefore the
solidi�cation front proceeds at a higher velocity than in the partial penetration
case. The drastically higher heat input means that the entire domain still takes
longer to solidify, regardless of this higher cooling rate. The thermal �eld in the
metallic region and phase-�elds for this full penetration case are shown for four
sequential time-steps in Figure 6.
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Figure 6: Two dimensional PF simulation, considering misorientation independent GB prop-
erties, of the microstructural evolution around a full penetration melt-pool in Ti-6Al-4V. The
thermal and PF magnitudes are shown for four sequential time instances; (a) t=0.54 ms : (b)
t=3.21 ms : (c) t=6.43 ms : (d) t=9.64 ms .

As expected the resultant microstructures vary between the partial and full
penetration melt-pool cases. As the cooling rate in the metallic region is higher
than that of the partial penetration case, there is insu�cient time for the small
�elds that are precipitated out of the melt to be fully consumed by the grains
of lower curvature neighbouring them. The result of this is seen by observing
the central regions of Figures 4(d) and 6(d). The length of the columnar grains
extending through the region that was the melt-pool in Figure 6 is greater than
those present in Figure 4 as a greater volume of substrate has been melted.
This has the additional e�ect of increasing the average curvature of the columnar
grains at the melt interface relative to those present in the partial case, therefore
in the full penetration case the disparity between the precipitated �elds and the
columnar grains that neighbour them is not so large as in the partial penetration
case and so the magnitude of the curvature driving force between the columnar
grains and precipitated �elds is smaller for this case. The result of these e�ects is
the production of equiaxed grains in the central region of the domain where the
columnar grains terminate. These equiaxed grains are able to coarsen slightly
following solidi�cation as the temperature remains relatively high for a short
time. Figure 7 shows the grain size distributions for this case.

Figure 7: Probability density functions for the GB evolution in a full penetration weld.

As the heat input is higher, a greater area of the domain has experienced
melting and coarsening, and as such, the grain size distribution shown in Figure
7 is shifted much further towards the larger grain sizes than Figure 5.
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4.3.3. Successive Re-Melting Events

In this case a thermal history representing multiple melting and solidi�cation
events was applied to observe the e�ect on the predicted microstructure. Figure
8 shows the evolution of the predicted microstructure during the second re-
melting event where the initial microstructure is that of Figure 4 (d).

Figure 8: Two dimensional PF simulation, considering misorientation independent GB prop-
erties, of the microstructural evolution around a full penetration melt-pool in Ti-6Al-4V. The
thermal and PF magnitudes are shown for four sequential time instances; (a) t=0 ms : (b)
t=2.73 ms : (c) t=6.56 ms : (d) t=12.57 ms .

The e�ect of the dual thermal cycle is clearly visible when comparing the
predicted microstructures following a single and double thermal cycle as shown
in Figures 8(a) and 8(d) respectively. The columnar grains extending from the
heat a�ected zone into the fusion zone are longer following a second melting
event, although the general morphology of the network is not drastically dif-
ferent between Figures 8(a) and (d). This appears to show a degree of GB
network restoration following the re-melting event. Figure 9 shows the grain
distribution following one, two and three melting events. The corresponding
grain size probability density function plots are shown in Figure 10. Note that
the shift in the distribution from one to two melting events, is much larger than
the shift from two to three melting events, reinforcing the observation that the
GB morphology is largely restored following a re-melting event.

Figure 9: PF simulation of three successive re-melting events showing the initial grain distri-
bution, (a), and the grain distribution after one, (b), two, (c), and three, (d), melting events
respectively.
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Figure 10: Predicted grain size distributions following successive re-melting events.

It can be seen that the e�ect of the re-melting events on the grain size
distribution decreases as the number of events increases. One may imagine
that as the number of re-melting events increases beyond those shown in Figure
10, the change in the grain size distribution will tend to zero for this partial
penetration case.

The coupling of the thermal-�uid and PF computations by means of the
staggered time integration procedure means that the in�uence of the variation
of phase �elds on the thermal �elds has not been considered. This method
of coupling naturally neglects thermal contributions from the migration of the
grain boundaries. However, these migratory thermal contributions in the sim-
ulation are negligible when compared with the heat input from the laser heat
source and the latent heat contributions from the two state changes of melting
and vaporisation considered in the work. Should the heat contribution from the
migration of the phase �elds have been considered, one would not expect the
simulation results to deviate considerably from those reported.

The proposed PF method, incorporating thermal �elds that accurately cap-
ture the physical processes involved with state change, will provide a more ro-
bust understanding of the e�ect that processing routes have on materials within
an ICME framework. Ultimately the proposed method could be employed to
determine the ideal physical properties required in a material in order to pro-
duce a given coarsening behaviour; this may then be used as a blueprint for the
synthesis of these materials.

5. Conclusions

In summary, a modelling approach for the prediction of grain growth and
coarsening during high energy density heat source induced melting is presented.
The method incorporates both curvature and thermal gradient driving forces
into the free energy functional of the PF method. The temperature �eld gen-
erated by a high energy density heat source was calculated from thermal �uid
dynamics simulations representative of fusion welding and used to simulate GB
network evolution due to such processes in Ti-6Al-4V. Speci�c conclusions can
be drawn as follow:
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• In large thermal gradients the thermal gradient driving force is signi�cant
in promoting the migration of grain boundaries.

• The model provides better understanding of solid-liquid transitions and
solid state boundary evolution during fusion and vaporisation state change
processes, i.e. fusion welding and powder-bed fusion additive manufactur-
ing.

• The phase �eld simulation indicates that, with su�cient energy, grain
boundaries may migrate up the thermal gradient at a rate equal to the
solidi�cation interface velocity.

• A mechanism for the genesis of equiaxed grains at the termination of
the columnar grains with high local boundary curvature is proposed and
discussed.

• During re-melting events, the proposed model predicts that the grain mor-
phology is statistically restored.
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