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Abstract—In this paper, the energy used to hold the position 

of a robot arm against gravitational torque is presented. As the 

gravitational torque is static over the pose of the manipulator, it 

is possible to draw an energy map in a 2D grid. To reduce the 

energy used in a point-to-point movement, a modified Dijkstra’s 

path-finding algorithm is used. Generally, Dijkstra’s algorithm 

finds the shortest path on the grid, but in this paper, it is 

modified to generate the path with minimum use of position-

holding energy. After generating the joint path off line, the 

energy use is compared between a conventional path and the 

proposed method is evaluated in a simulation including full 

dynamics. 

Keywords— robot arm; energy efficiency; gravity; computed 

torque control;path planning 

I.  INTRODUCTION 

To date, energy use has not been a priority for robot 
manipulators, since the energy costs are small compared with 
capital costs, but with initiatives such as the EU Ecodesign 
directive on machine tools, achieving energy efficiency in 
industrial systems is becoming increasingly important for 
modern manufacturing companies [1]. Government 
commitments to reduce industrial energy consumption is 
resulting in legislation in all sectors, to prevent climate change, 
maintain depleted energy sources and preserve our 
environment. Within those needs, this paper is focused on 
improvement of energy efficiency of a conventional robot 
manipulator during point-to-point operation. The proposed 
method is based on path planning and does not require any 
hardware modifications. 

In the literature two major approaches to improve the 
energy efficiency of the robotic manipulator are presented. The 
first is to enhance the efficiency of the motor drive system 
which is an essential part of the manipulator, providing the 
actuation for each joint. Examples include improving the 
power electronic devices [2], modifying the inverter pulse 
width modulation strategy [3], or using energy recovery within 
the converter [4]. Within the motor control, [5] applies a step 
reference input to the motor and checks its energy efficiency, 
comparing PID, fuzzy and LQR controllers and concluding that 
LQR is most energy efficient method for DC motor control. In 

[6], controller loss is included in the overall drive optimization. 
Although enhanced energy-efficient control methods have been 
developed, these focus only on an inertial load, without 
considering the disturbance and load component coming from 
non-linear dynamics in a system with more than one motor.  

Hence, the second approach looks at energy efficiency at 
the systems level, by optimising the robotic arm path. In robot 
manipulator motion planning, it is common to set the dynamic 
energy caused by the arm movement as a cost function, which 
is then solved as a quadratic problem [7] [8] [9]. Another 
approach is joint angle reference input shaping, which is used 
with PD control for a three degree-of-freedom (DOF) parallel 
manipulator [10]. Other research focuses on the optimal time 
motion planning of the manipulator [11] [12]. Even though the 
time-optimal approach does not explicitly consider energy 
consumption, the robotic manipulator consumes extra energy 
while holding the load against gravity, so reducing the 
operation time reduces the energy consumption.  

This paper takes a new approach, specifically addressing 
the energy used in the gravity component, which changes with 
the angular position of the joints, to find a path which 
minimises the energy consumed due to holding the load against 
gravity, for a point-to-point operation, where the path is not 
specified. 

II. SYSTEM DESCRIPTION 

The commercially-available robotic manipulator considered 
in this research is shown in Fig. 1. It has one rotational joint in 
the base, and three rotational joints in arm operation. For 
simplicity, in this research, the two upper joints are fixed and 
their movement and energy consumption are not taken in 
account giving three degrees of freedom. The mass is assumed 
to be concentrated in the joints and end effector, neglecting the 
mass in the links. It is further assumed that all three joint 
actuators are powered by similar DC motors. Losses in the 
robot system depend on both motor armature current and 
rotational speed. However, as long as the motors operate 
predominantly in the low speed area, losses associated with the 
speed are small compared to the copper loss. Thus, this 
research treats the copper loss as the performance criterion to 
be minimised. 



A. Kinematics and dynamics 

A typical anthropomorphic manipulator shape is shown in 
Fig. 1a. [14] It consists of three revolute joints unambiguously 
defining the end effector position in Cartesian space. The base 
joint is defined as joint 0 (𝜃0). Joint 1( 𝜃1) and joint 2 ( 𝜃2) are 
arm joint angles operating perpendicular to the base joint. The 
link length of the robotic manipulator are defined as 𝑙1 and 𝑙2 
respectively. The offset height of the base rotational joint is 
assumed to be zero.  

Using the kinematic analysis, the end effector location is 
related to joint angles values by (1) 

 (
𝑥
𝑦
𝑧

)    = (

𝑐𝑜𝑠𝜃0[𝑙1𝑐𝑜𝑠𝜃1 + 𝑙2𝑐𝑜𝑠(𝜃1 + 𝜃2)]

𝑠𝑖𝑛𝜃0[𝑙1𝑐𝑜𝑠𝜃1 + 𝑙2𝑐𝑜𝑠(𝜃1 + 𝜃2)] 

 𝑙1 𝑠𝑖𝑛𝜃1 + 𝑙2𝑠𝑖𝑛(𝜃1 + 𝜃2)
) 

In this project, it is assumed that each joint can be 
represented as a single concentrated mass and the 
corresponding simplified manipulator diagram is shown in Fig. 
1b where 𝑚1 and 𝑚2 indicate the point mass of joint 1 and the 
end effector respectively. The expression for manipulator 
potential energy is as follows. 

 𝑃𝐸 =  𝑚1𝑙1𝑠𝑖𝑛𝜃1 + 𝑚2(𝑙1𝑠𝑖𝑛𝜃1 + 𝑙2sin (𝜃1 + 𝜃2) 

Using the cylindrical coordinates shown in Fig. 1, the kinetic 
energy is obtained in (3).  

 𝐾𝐸 =
1

2
𝑚1(𝑣𝑥1

2 + 𝑣𝑦1
2 + 𝑣𝜃1

2 ) +
1

2
𝑚2(𝑣𝑥2

2 + 𝑣𝑦2
2  + 𝑣𝜃2

2 ), 

where velocity components are described in (4). 

𝑣𝑥1
2 + 𝑣𝑦1

2 = (𝑙1𝜃1)̇ 2 

𝑣𝑥2
2  + 𝑣𝑦2

2 = (𝑙1𝜃1̇)
2

+ 𝑙2
2(𝜃1̇ + 𝜃2̇)

2

+ 2𝑎1𝑙2 (𝜃1̇
2

+ 𝜃1̇𝜃2̇) 𝑐𝑜𝑠𝜃2  



After the substitution of (2) and (3) into the Euler-Lagrange 
equation, the equation linking the joint torques with the 
particular joint dynamics is obtained in (5). 

(

𝜏𝑙𝑜𝑎𝑑0

𝜏𝑙𝑜𝑎𝑑1

𝜏𝑙𝑜𝑎𝑑2

 ) = 𝑀(𝜃)�̈� + 𝐶(𝜃, �̇�) + 𝐺(𝜃) =   

= (

 𝑀00(𝜃1 , 𝜃2) 0 0

0 𝑀11(𝜃2)  𝑀12(𝜃2)

0 𝑀21(𝜃2) 𝑀22

) (

�̈�0 

�̈�1

�̈�2

)

+ (

𝐶0(𝜃, �̇�) 

𝐶1(𝜃, �̇�)

𝐶2(𝜃, �̇�)

) +  (

0
𝐺1(𝜃1, 𝜃2)

𝐺2(𝜃1, 𝜃2)
), 



where, 𝜏𝑙𝑜𝑎𝑑𝑖  is joint 𝑖 torque, 𝑀𝑖𝑗 is an inertia component, 𝐶 is 

a non-linear Coriolis vector and 𝐺𝑖 is a holding torque against 
gravity. The expressions for each component in (5) are given in 
the Appendix. 

B. Computed Torque Control 

To follow the proposed trajectory, online motor controllers 
are required for each joint. The controller design of for 
feedback linearization in computed torque control (CTC) is 
shown in Fig. 2, where the feed-forward values are provided by 
the path-planning algorithm. Common control strategies for a 
robot manipulator are Proportional-Integral-Derivative (PID), 
Computed Torque Control (CTC), and Passivity-Based 
Control. Passivity based control is not used in this paper, due to 
the excessive number of tuning parameters. In [15], PD and 
CTC control are compared for a real and simulated motor.  
CTC is preferred, due to its simplicity and nonlinear 
disturbance torque rejection although it enters uncontrollable 
singularity when the inertia matrix has determinant zero [15]. 
However, the mathematical analysis of computed torque 
control is beyond the scope of this paper, since the focus is on 
the higher-level path planning. 

 

(a) 

 

(b) 

Fig. 1. AREXX RA-2 Robot Manipulator [12] 

 

Fig. 2. CTC block diagram 



III. PROPOSED PATH PLANNING STRATEGY 

As shown in (5), it is possible to identify three different 
components in each actuator’s torque: inertia, Coriolis and 
gravity. If the latter term dominates, for point-to-point 
operation it is possible to minimize the gravity component of 
the torque by proper choice of the joints’ angular trajectories to 
get a quasi-optimal solution. In addition, the base rotation 
(joint0) is not taken in account in this paper, because the 
gravity component for this joint is zero in (5).  

The simplified model of an actuator, as shown in Fig. 1b, 
consists of only two revolute joints unambiguously defining the 
end effector location [14]. Omitting the z component in the end 
effector, cartesian position for a simplified 2D manipulator is 
obtained in (6). 

 (
𝑥
𝑦) = (

𝑙1𝑐𝑜𝑠𝜃1 + 𝑙2cos (𝜃1 + 𝜃2)
𝑙1𝑠𝑖𝑛𝜃1 + 𝑙2sin (𝜃1 + 𝜃2)

) 

In the proposed method, only gravity components of joints 1 
and 2 torques are optimized and from (5) these torques are 
formulated in (7) 

 (
𝜏1

𝜏2
) = (

(𝑚1 + 𝑚2)𝑔𝑙1𝑐𝑜𝑠𝜃1 + 𝑚2𝑔𝑙2cos (𝜃1 + 𝜃2)

𝑚2𝑔𝑙2cos (𝜃1 + 𝜃2)
) 

It was assumed that the motor power consumption is 
dominated by the copper loss. Since the copper loss is 
proportional to the square of motor current and current is 
directly proportional to motor torque, the cost function can be 
constructed as sum of the squares of the torque for each motor 
integrated over the operational time (8). 

 𝐽 = ∫ (𝜏1
2 + 𝜏2

2)𝑑𝑡
𝑡𝑓

0
, 𝑊 = 𝜏1

2 + 𝜏2
2 

Fig. 3 shows the theoretical and experimental per unit 
power consumption of manipulator. In the 3D plot, 𝜃1  axis 
indicates the joint angle 1 of the manipulator and 𝜃2  axis 
indicates the joint angle 2 of the manipulator. Theoretical 
results were obtained by applying (7). To validate the 
theoretical results in Fig. 3a, the actual robotic manipulator was 
programmed to hold each joint position. Then for each 
particular 𝜃1  and 𝜃2  combination the total manipulator power 
consumption was measured by Yokogawa WT3000 power 
analyzer. The results are shown in Fig. 3b. 

Overall, the practical result resembles the theoretical one, 
including the deep valley (smaller power requirement) in the 
area shown in blue on the plots. The practical plot shows noisy 
results and a steeper change in the valley region, which could 
be caused by measurement noise and mechanical vibration. 
However, since the overall dependency of manipulator power 
consumption on the joint angles is similar, (7) can be used to 
determine the quasi-optimal energy trajectory for 𝜃1, 𝜃2 
variations in a point-to-point manipulator operation, where this 
trajectory is not specified by application. 

IV. OPTIMAL ENERGY TRAJECTORY SEARCH METHOD 

In the previous section the dependency of cost function, 
representing the power consumption from the joint angles was 
determined. So, for each pair of initial and end points in a 
point-to-point operation it is possible to find an optimal 
trajectory in the 𝜃1 − 𝜃2  plane (joint space map). This is 
achieved by using a modified path-planning Dijkstra algorithm 
[16] where the static energy consumption in each node is 
considered as the cost function to get to that node. The Dijkstra 
algorithm is used to give the path with the minimum cost 
function from start position to goal position. For a constant 
time to move between nodes, the cost function also represents 
the power consumption of each pose, and the generated path is 
considered as quasi-optimal path to reach the goal. 

A. Proposed Cost Function 

Several assumptions are made while developing the search 
algorithm in the joint space map: 

1) The joint rotates with a constant angular speed between 
nodes. 

2) The movement of each joint is independent, so the 
simultaneous movement of joint 1 and 2 will be weighted the 
same as a single joint movement.  

3) The power consumption in a quantised unit area of the 
map identified in section III is uniform within the unit. The 
quantisation error is considered to be relatively small if the 
resolution of the map is big enough. 

A low resolution (30 degree step) example map is shown in 
Fig. 4 to explain the cost function formulation. From 
assumptions 1) and 2), the movement between any two areas 
shown on Fig. 4 will be achieved in a same amount of time, 𝑡. 
From assumption 3), the cost representing the energy to 
transfer from ‘Start Node’ to ‘Node 1’ is: shown in (9).  

𝐽𝑖𝑛𝑖→1 = ∫ 𝑊𝑖𝑛𝑖

𝑡0

0

𝑑𝑡 + ∫ 𝑊1

𝑡1+𝑡0

𝑡0

𝑑𝑡 = 

= 𝑊𝑖𝑛𝑖𝑡0 + 𝑊1𝑡1 = (𝑊𝑖𝑛𝑖 + 𝑊1) ∗ 𝑡, 



 
(a) 

 
(b) 

Fig. 3. Theoretical and experimental power consumption 



where 𝑡0 is a time end effector stays in the “Start Node” sector 
and 𝑡1 − 𝑡0  is the time for the end effector to move to the 
centre of the “Node 1” sector and both these periods of time are 
equal to 𝑡 . Since the movements along 𝜃1  and 𝜃2  axes are 
considered to be independent, a similar expression to (9) could 
be obtained to represent the cost of movement to the adjacent 
diagonal node, 𝐽𝑖𝑛𝑖→2 . The only difference would be the 
substitution of 𝑊1  by 𝑊2  in (9). The total cost for the 
movement from the ‘Start Node’ through some 𝑖 …  𝑗 nodes, to 
the ‘End Node’ is shown in (10), where ∑ 𝑊𝑛 indicates sum of 
scaled power consumptions in the selected path node between 
‘Start Node’ and ‘End Node’. 

 𝐽𝑖𝑛𝑖→𝑖…𝑗→𝑓𝑖𝑛 = (𝑊𝑖𝑛𝑖 + 𝑊𝑓𝑖𝑛 + 2 ∗ (∑ 𝑊𝑛)) ∗ 𝑡 

In (10), 𝑊𝑖𝑛𝑖 + 𝑊𝑓𝑖𝑛 are common to all possible paths and 

the amount of time, 𝑡, is constant, so it is possible to formulate 

new cost function, 𝐸𝑖𝑛𝑖→𝑛1…𝑛𝑖→𝑓𝑖𝑛 , used for the energy 

efficiency optimization as (11) based on a simplified 
expression. 

 𝐸𝑖𝑛𝑖→𝑛1…𝑛𝑖→𝑓𝑖𝑛 = ∑ 𝑊𝑛 

B. Proposed Algorithm 

It is proposed to use the Dijkstra Path Finding Algorithm 
for the quasi-optimal energy path. The flow chart of the 
proposed algorithm is shown in Fig. 5. In the flow chart, the 
term ‘open’ shows that the selected node is included into the 
set of nodes called the ‘open list’, which are to be explored. 
The open list set includes ‘Start Node’ at the very first 
iteration, and expands by calculating the cost function of the 
adjacent nodes. The node in the open list with the lowest cost 
function is selected to explore the adjacent nodes that are not in 
the list yet, after which this node is added to the closed list. For 
the further iteration stages, during the exploration of the 
adjacent nodes, the closed list consists of nodes that are not 
allowed to be selected. Fig 6a, 6b and 6c visualize the 
procedure for the optimal path search. In Fig. 6a, the current 
open list includes node 1 to 3 and the closed list includes only 
the Start Node. The arrows in the map show the energy optimal 
path from the Start node to adjacent nodes. 

Among the open list, it is assumed that cost function (𝐸𝑛) 
of the Node 1 has the smallest value. Then Node 1 is selected 
and Nodes 4 and 5 are to be explored in this case, as they are 
not listed in the adjacent nodes yet. For the next iteration step, 
the minimum cost functions for the path from the Start Node to 

Node 4 (𝐸4) and to Node 5 (𝐸5) should be identified. Then 
Node 4 and Node 5 are added to the open list and Node 1 is 
added to the closed list. After this iteration, the state of the lists 
will be changed as shown in Fig. 6b. 

In the example, the cost function in Node 5 (𝐸5 ) is the 
smallest, so adjacent nodes around the Node 5 are to be 
estimated and the same search procedure is applied. The cost 
functions of the End Node and Node 7 are evaluated and 
included in the open list. When the End Node is included into 
the open list the energy optimal path from Start Node to End 
Node is identified and algorithm terminates. The obtained path 
is shown on Fig.6c.  

The generated path is only a string set of joint angles. A 
trajectory generator is required to create a multipoint trajectory 
as a function of time. As the research focused on path 

 
Fig. 4. Example Power Map 

 

Fig. 5. Modified Dijkstra Algorithm 

  

(a) (b) 

 

(c) 

Fig. 6. Path generation visuliszation in the map 



generation, a simple linear trajectory generation is applied in 
this paper. For further details on trajectory generation, refer to 
[16]. The obtained trajectory is fed forward to the CTC input as 
discussed in the earlier sections and shown in Fig. 7. 

V. SIMULATION RESULT 

The example simulation environment is constructed in 
MATLAB/Simulink with manipulator parameters as shown in 
Table I. To test whether the assumption of dominant gravity 
torque is satisfied in the full dynamic description of the 
systems, a test is done with full manipulator operation moving 
from [ 𝜃1 = 0°, 𝜃2 = 0° ], to [ 𝜃1 = 45°, 𝜃2 = 45° ], to [𝜃1 =
90°, 𝜃2 = 0°]. The squared torque from the inertia and Coriolis 
force components are formulated as (12). They are compared 
with the squared torque from gravitational force separately as 
constructed in (13). 

𝐸𝑖𝑛𝑒𝑟𝑡−𝑐𝑜𝑟𝑖𝑜𝑙 = ∫ �̈�𝑇𝑀(𝜃)𝑇𝑀(𝜃)�̈� + 𝐶(𝜃, �̇�)
𝑇

𝐶(𝜃, �̇�) 𝑑𝑡 

 𝐸𝑔𝑟𝑎𝑣𝑖𝑡𝑦 = ∫ 𝐺(𝜃, �̇�)
𝑇

𝐺(𝜃, �̇�)𝑑𝑡 

The numerical simulation shows that the gravity component 
( 𝐸𝑔𝑟𝑎𝑣𝑖𝑡𝑦 ) is dominant, whereas inertia and Coriolis force 

(𝐸𝑖𝑛𝑒𝑟𝑡−𝑐𝑜𝑟𝑖𝑜𝑙) account for only 4% of overall torque squared 
during a single operation cycle. This demonstrates that it is 
appropriate to apply the suggested algorithm to the simulated 
manipulator. 

Fig. 8a shows the energy optimal path in the joint space, 
where the proposed control strategy is applied; the energy map 
from Fig. 3a is used. The start node is set to [𝜃1 = 0°, 𝜃2 = 0°] 
and the end note is set to [𝜃1 = 90°, 𝜃2 = 0°]. In the generated 
path, the joint angles increase at the same speed until joint 
angle 2 gets to 45° . After this point, it requires a sudden 
reversal of direction in joint 2. In reality, this behavior cannot 
be achieved because of finite acceleration. Thus, in the 
trajectory generation, the change of the joint angle is smoothed 
and fed to the joint angle controller. The resultant change of 
path is shown in Fig. 8b. 

To visualise the manipulator movement, the energy-optimal 
path is plotted in the Cartesian space in Fig. 9a. The energy 
optimal trajectory generated is compared with the conventional 
linear trajectory shown in Fig. 9b. A MATLAB/Simulink 
simulation is performed for both cases. The manipulator cost in 
the algorithm is calculated through (11) which is used as a 
performance measure to be minimized. However, the torque 
value is expressed for the full dynamics of the manipulator 
shown in (5).  

Simulation shows that, with the same joint velocity 
constraint of 2.1rad/s, the total manipulator energy use for the 
proposed control is reduced by 5% compared to the linear path 
case. 

VI. CONCLUSION 

In this paper, a novel energy reduction algorithm for an 
anthropomorphic manipulator is presented. The assumption is 
made that the gravity component dominates the motor energy 
use; the simulation shows that the energy consumption meets 
the condition of the assumption. Thus, based on gravity 
component minimization in the joints’ torque, the quasi-
optimal path in the joint reference frame is obtained. The 
Dijkstra Path Planning algorithm is modified with a cost 
function representing the sum of scaled powers along the 
generated path in the joint space. This approach requires an 
appropriate resolution of the grid so that the computational 
time on the target processor doesn’t exceed the limitations.  

The solution suggested is not a fully optimal but quasi-
optimal. However, the methodology only requires a change of 
the setpoint, without any modification of the actuator controller 
or hardware. Although computed torque control is used in this 
research for the low-level actuator control, the path generation 
algorithm is applicable regardless of what type of actuator 
controller is used. Furthermore, the application can be extended 
to any type of two-joint system, (either rotational or prismatic 
joints) if the gravity component is dominant. The simulation 

 

Fig. 7. Offline controller overview 

  
(a) (b) 

Fig. 8. Energy optimal path in energy map 

  

(a) (b) 

Fig. 9. End effector path in Cartesian space: (a) Linear/conventional (b) 

Energy optimal 

TABLE I.  MODEL PARAMETERS 

𝒎𝟏, [kg] 𝒎𝟐, [kg] 𝒍𝟏, [m] 𝒍𝟐, [m] 

12e-3 12e-3 0.1 0.07 

 



including the full dynamics of the manipulator is conducted to 
follow the generated trajectory and the results show there is a 
reduction of energy use compared with a conventional linear 
path. In future work, the algorithm should be modified to 
consider speed variations during the point-to-point movement. 

APPENDIX 

In this Appendix, notations in equation (5) are expanded. 

Inertia matrix components 

𝑀00 = 𝑚1𝑙1
2(𝑐𝑜𝑠 𝜃1)2 + 𝑚2(𝑙1𝑐𝑜𝑠𝜃1 + 𝑙2𝑐𝑜𝑠(𝜃1 + 𝜃2))

2


 𝑀11 = (𝑚1 + 𝑚2)𝑙1
2 + 𝑚2𝑙2

2 + 2𝑚2𝑙1𝑙2𝑐𝑜𝑠𝜃2 

 𝑀12 = 𝑚2𝑙2
2 + 𝑚2𝑙1 𝑙2𝑐𝑜𝑠 𝜃2 

 𝑀21 = 𝑚2𝑙2
2 + 𝑚2𝑙1𝑙2𝑐𝑜𝑠𝜃2 

 𝑀22 = 𝑚2𝑙2
2 

Gravity matrix components 

 𝐺1 = 𝑔((𝑚1 + 𝑚2)𝑙1𝑐𝑜𝑠𝜃1 + 𝑚2𝑙2𝑐𝑜𝑠(𝜃1 + 𝜃2)) 
 𝐺2 = 𝑚2𝑔𝑙2𝑐𝑜𝑠(𝜃1 + 𝜃2) 

Coriolis matrix components 

𝐶0 = −𝑚1𝑙1
2�̇�0�̇�1𝑠𝑖𝑛2𝜃1

− 2𝑚2(𝑙1𝑐𝑜𝑠𝜃1 + 𝑙2 COS(𝜃1  + 𝜃2))

× (𝑙1�̇�1𝑠𝑖𝑛𝜃1 + 𝑙2(�̇�1 + �̇�2) SIN(𝜃1 + 𝜃2)) (A8) 

𝐶1 = �̇�0
2𝑚1𝑙1

2𝑐𝑜𝑠𝜃1𝑠𝑖𝑛𝜃1 + 𝑚2(𝑙1 COS 𝜃1

+ 𝑙2 COS(𝜃1 + 𝜃2))(𝑙1𝑠𝑖𝑛𝜃1 + 𝑙2 SIN(𝜃1 + 𝜃2))

− 𝑚2𝑙1𝑙2(2�̇�1�̇�2 + �̇�2
2)𝑠𝑖𝑛𝜃2 (A9) 

𝐶2(𝜃, �̇�) = 𝑚2𝑙1 𝑙2�̇�2
2𝑠𝑖𝑛𝜃2

+ �̇�0
2𝑙2(𝑚2𝑙1𝑙2(𝑚2(𝑙1𝑐𝑜𝑠𝜃1

+ 𝑙2COS (𝜃1 + 𝜃2))𝑠𝑖𝑛(𝜃1 + 𝜃2) 
(A10) 
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